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Abstract
This work presents a novel hybrid control approach based on null space and consensus algorithms
to solve the scalability problems of mobile robot formation and improve leader control through
multiple control objectives. In previous works, the training of robots based on the null space requires
a rigid training structure based on a geometric shape, which increases the number of agents in the
formation. The scheme of the control algorithm, which does not make formation scalability possible,
must be changed; therefore, seeking the scalability of training based on null space is a challenge that
could be solved with the inclusion of consensus algorithms, which allow the control structure to be
maintained despite increasing or decreasing the number of robot followers. Another advantage of
this proposal is that the formation of the followers does not depend on any geometric figure
compared to previous works based on the null space; this new proposal does not present singularities
as if the structure is based on geometric shape, the latter one is crucial since the formation of agents
can take forms that cannot be achieved with a geometric structure, such as collinear locations, that
can occur in many environments. The proposed hybrid control approach presents three tasks: i)
leader position task, ii) leader shape task, and iii) follower formation task. The proposed algorithm
is validated through simulations, performing tests that use the kinematic model of non-holonomic
mobile robots. In addition, linear algebra and Lyapunov theory are used to analyze the stability of
the method.
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1- Introduction
Mobile robotics is widely studied and is of interest to many researchers due to its wide field of application. The multirobot mobile system allows the abilities of each mobile robot to be transferred as a contribution to the functionalities of
a group of robots that interact with each other and makes it possible to work in teams to perform a common task. Some
advantages of this structure are improvements in terms of performance, speed, efficiency, coordination, and execution
of more complex tasks that a single robot could not perform [1, 2].
New approaches to address the autonomy of a robotic system through robot redundancy, that is, the extra degrees of
freedom available to solve the main task, these approaches allow to cope with the increasing complexity of the robotic
*
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systems and to exploit them to simultaneously solve a hierarchy of multiple tasks with different levels of priority [3]. In
particular, the redundancy is addressed using the robot null-space for two different robotic systems and goals. The
problem of controlling the position of a group of unicycle-type robots to follow in formation a time-varying reference,
avoiding obstacles when needed, is presented by Martinez et al. (2021) [4]. It is proposed a kinematic control scheme
that, unlike existing methods, can simultaneously solve both tasks involved in the problem, effectively combining
control laws devoted to achieving formation tracking and obstacle avoidance. The main contributions of the paper are
twofold: first, the advantages of the proposed approach are not all integrated into existing schemes, ours is fully
distributed since the formulation is based on consensus, including the leader as part of the formation, scalable for many
robots, generic to define the desired formation, and it does not require a global coordinate system or a map of the
environment. Second, to the authors' knowledge, it is the first time that a distributed formation tracking control is
combined with obstacle avoidance to solve both tasks simultaneously using a hierarchical scheme, thus guaranteeing
continuous robot velocities despite activation/deactivation of the obstacle avoidance task, and stability is proven even
in the transition of tasks. The effectiveness of the approach is shown through simulations and experiments with real
robots. A comprehensive review of the leader-follower robotics system is presented by Rashid et al. (2019) [5]. The
paper aims to find and elaborate on the current trends in the swarm robotic system, leader-follower, and multi-agent
systems. Another part of this review focused on finding the trend of controllers utilized by previous researchers in the
leader-follower system. The controllers that the researchers commonly apply are mostly adaptive and nonlinear
controllers. The paper also explores the subject of study or system used during the research, which usually employs
multi-robot, multi-agent, space-flying, reconfigurable, multi-legs, or unmanned systems. Another aspect of this paper
concentrates on the topology employed by the researchers when they conduct simulation or experimental studies. A
Lyapunov-based control law to achieve two multi-objective tasks for a network of open-loop unstable, non-holonomic
mobile inverted pendulum (MIP) robots, using a connected undirected graph for inter-agent communication, using the
first protocol, translationally invariant formations are achieved along with the synchronization of attitudes and heading
velocities to desired values [6]. The control laws are based on the kinematic model of the mobile robot, and control
torques for the MIPs are extracted using a two-loop control architecture. Both protocols guarantee the boundedness of
the linear heading velocity, which is necessary for the stability of the two-loop control architecture. The proposed control
laws are experimentally validated on indigenously built MIP robots.
Implementing several tasks in a single control algorithm is an advantage from the control point of view, which is why
the implementation of algorithms based on null space has taken on great relevance. An algorithm of behaviors is used
to execute tasks and sub-tasks of an autonomous robot system. These tasks are achieved simultaneously without
generating conflict between them using the null space approach to execute lower hierarchy tasks [7]. The experimental
results of the formation of multi-robot systems based on null spaces are shown in Antonelli et al. (2009) [8]. However,
it does not consider the scalability of the formation. The null-space-based controller implementation is introduced to
achieve multiple tasks within the heterogeneous formation of aerial and terrestrial robots [9]. However, in this proposal,
the robot formation depends on a geometric shape. The formation of N-holonomic agents is solved using the hierarchical
task-based scheme [10]; although, in that work, obstacle avoiding and agent formation are considered. Besides, a control
algorithm with rigid and flexible formations to avoid static and dynamic obstacles is implemented in Leica et al. (2018)
[11]. As proposed in Arevalo et al. (2018) [12], these do not consider human-robot interaction can control the formation.
Previous works are applications with distributed control, where the control strategy must contemplate that the follower
robots can move in a geometric space formed by other robots known as leaders. An adaptive null-space-based behavioral
(NSB) method to deal with the problems of saturation planning and lack of adaptability when the traditional NSB method
is applied to the formation control of multiple unmanned surface vehicles [13], a control strategy based on null-space
for monitoring the trajectory of training of aerial manipulators in congested environments is shown in Camacho et al.
(2019) [14]. By means of the null-space control, several control objectives can be achieved, assigning a priority to each
of the objectives.
The strategy proposes controlling a homogeneous formation of three aerial manipulators for trajectory tracking and
the evasion of obstacles. A null-space technique is used to guide the formation of two mobile robots autonomously; a
differential drive wheeled ground vehicle and an unmanned aerial vehicle [15]. A controller based on Null-Space is used
for the trajectory tracking of a formation of three quadcopters to evade grounded and aerial mobile obstacles [16]. A
formation of robots based on null space, where the robot formation depends on a geometric figure, hinders the scalability
of the robot formation [17]. An unmanned ground vehicle (UGV) and an unmanned aerial vehicle (UAV) use the
concepts of null space control by robot formation [18]. A controller to autonomously guide a rigid formation of two
mobile robots, a wheeled land vehicle with a differential drive, and an unmanned aerial vehicle, based on null space, is
presented in [15, 19]. The problem of multi-agent formation with trajectory tracking and obstacle avoidance, the
formation control based on null-space, is considered in [20, 21]. In the previous works based on Null-Space, the robot
formation depends on a geometric figure, which hinders the scalability of the robot formation.
Null-space algorithms solve the inconvenience of multiple tasks, however with this control strategy, performing the
training of several robots implies several disadvantages: i) it is necessary to change the shape and posture matrices, as
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well as their Jacobians, ii) there are configurations in the formation that present singularities, for example, the robots
cannot be located collinearly with each other, iii) the calculation of the centroid of the formation becomes more complex,
and in the cases of collinear robots, it cannot be calculated. For all the above, it is necessary to look for an alternative
that improves the characteristics of the robot formation. The consensus algorithms allow avoiding singularities in the
formation. Using leading virtual robots allows calculating the centroid of the formation simply and does not require the
change of the posture and form matrices as it happens in the null space algorithm.
Consensus algorithms have been implemented in multi-vehicle cooperative control as presented in [22–24]. A robot
could be represented by a double integrator dynamic model [25]. A distributed control algorithm is developed to drive
the multi-robot system to follow a group of dynamic leaders with containment and group dispersion behaviors. A
distributed containment control for double-integrator dynamics in the presence of both stationary and dynamic leaders,
where the control of leaders becomes complex and does not allow to control the orientation or form of the formation
[26, 27]. Consensus algorithms are implemented to track the trajectory of a group of robots; however, neither the shape
nor the position of the formation can be controlled [28]. A decentralized adaptive controller to cooperatively manipulate
a payload of unknown mass employing multiple aerial robots is presented by Moreira et al. (2019) [15], where consensus
algorithms are used to ensure that the manipulated load can be evenly distributed in each agent; its speed is constant
converges to the given reference. The multi-agent system formation scaling control problem is studied in [13], where
only one agent knows the desired formation size. In that work, the authors design a formation scaling control for
universally rigid frameworks using the stress matrix; however, this work does not consider that robot formation can
perform multiple subtasks.
The consensus algorithm is used for the coordinated motion control of a wheel-leg robot [29]. A formation control
strategy merges the formation control algorithm, consensus control algorithm, and artificial potential field algorithm
[30]. The formation control algorithm controls the formation of multiple robot formations. A consensus algorithm for
distributed cooperative formation trajectory planning is proposed by combining improved artificial potential field and
consensus theory [31]. A quadrotor variable formation control method based on a consensus control algorithm is
proposed by Xu et al. (2020) [32]. A comparison between sliding mode and consensus approaches for quadrotor leaderfollower formation flight [33]. Finally, a distributed consensus algorithm for second-order nonlinear multi-agent systems
is formulated under the leader-following approach [34]. The consensus algorithms allow formations without
singularities; another advantage is that they do not require a geometric shape to perform the formation of the followers;
however, they require algorithms for the formation of the leading robots, and it is complex to perform a posture and
shape control to the leaders. Therefore, it is necessary to have several control objectives. That is why a novel hybrid
combination of consensus and null space algorithms is carried out to take advantage of both control strategies.
On the one hand, the consensus algorithms allow eliminating the dependence on geometric shapes to form followers
and avoid singularities that occur in geometric shapes. In contrast, the null space allows several control objectives to be
carried out in a single control strategy, such as controlling the leader form and posture and controlling the formation of
the follower robots. Another advantage of this hybrid algorithm is the scalability given to the null space.
The main contributions of this manuscript can be enumerated as follows:
• A hybrid control topology combining the null space approach and consensus algorithms is presented.
• The hybrid control topology enhances multitasking in the formation of mobile robots regardless of the number of
robots.
• The formation of the follower robots as a task within the null space does not depend on a geometric figure, so it is
not necessary to redesign the controller, introducing scalability to the null space, adding advantages to the hybrid
proposal.
• With this proposal, the singularities generated in certain configurations of the formation of the robot followers are
avoided.
This paper is organized as follows: In section 2, the modeling of mobile robot formation is presented. Then, the
control design based on the consensus algorithm and null-space approach for robot mobile formation is developed in
section 3. Then, in section 4, the simulation results are shown. Finally, the conclusions are given in section 5.

2- Research Methodology
This paper presents a hybrid control strategy based on consensus and null space algorithms. Figure 1 shows the
outline of the research methodology. The system initializes when the shape and posture parameters of the leader robots
are defined. These parameters are used in the null space algorithm. This algorithm performs three tasks: i) Task 1:
performs a posture control of the leader robots. They form a square geometric figure; the centroid of this geometric
figure is identified, and the Jacobian of posture is determined. After this, the control actions are generated so that the
centroid of the formation of the leader robots follows the desired trajectory. ii) Task 2: a shape control is applied to the
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leader robots; the geometric shape of these robots is described; in this case, the shape is a square. Then the Jacobian of
shape is defined, and the control actions are generated so that the leader robots form the desired geometric figure. iii)
Task 3: A consensus algorithm is implemented for the formation of the robot followers. The Laplacian formation matrix
is defined according to the number of existing robot followers. Finally, control actions are produced for the follower
robots to take the desired positions in the robot formation. Consider that the control algorithms constantly require
information about the positions of the leader and follower robots.
Load the desired
parameters

Define shape parameters

Define posture parameters

NULL SPACE ALGORITHM

TASK 1

TASK 2

TASK 3

POSTURE CONTROL

SHAPE CONTROL

CONSENSUS ALGORITHM

Identify the
centroid of the
geometric shape

Describe the
geometric shape
of the leaders

Define the
Jacobian of
the posture

Define the
Jacobian of
the shape

Define the
Laplacian of
the formation

Generate control actions

Generate control actions

Generate control actions

The centroid follows the
desired trajectory

Leader robots take the
desired geometric shape

Follower robots take the
positions of the desired
formation

Leader Robots

Follower Robots
FORMATION ROBOTS

Figure 1. Flowchart of hybrid control

3- Model Robot
In Figure 2, a mobile differential traction robot is shown.
𝑢𝑖
𝜔𝑖

(𝑥𝑖 , 𝑦𝑖 )
𝜓𝑖
𝑎

𝑦
𝑥
Figure 2. Differential traction mobile robot

In the present work differential drives, mobile robots with non-holonomic restriction are used; the kinematic model
is given by [6]:
cos  i   a cos  i 
u 
X i   sin  i  a cos  i    i   J ri U i


  i 
0 1

(1)
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where 𝑋̇𝑖 = [𝑥𝑖̇ 𝑥𝑗̇ ] are the temporal variations of the position X and Y of the i-th robot, 𝛹𝑖 is its orientation ui, and ωi
are its linear and angular velocities respectively, and JRi is its Jacobian. Thus, for n robots, the kinematics model is
defined by:
ℎ̇ = 𝐽𝑅 𝑈

(2)

where ℎ̇ = [𝑥̇ 𝑅1 𝑦̇ 𝑅1 𝑥̇ 𝑅2 𝑦̇ 𝑅2 … 𝑥̇ 𝑅𝑖 𝑦̇ 𝑅𝑖 ]; 𝑈 = [𝑢1 𝜔1 𝑢2 𝜔2 ⋯ 𝑢𝑖 𝜔𝑖 ] with;

 J R1
 0
JR  
 0

 0

0
0
0 
J R2 0
0 
0  0 

0
0 J Rn 

3-1- Null-Space Algorithms
Figure 3 presents the scheme of the formation control based on null space, where the system must carry out three
tasks: Task 1: To maintain the position of leader robots; Task 2: To maintain the shape of leader robots.

𝑞𝑝
NULL-SPACE ALGORITHM

𝑞𝑝𝑑

𝑞𝑝

POSTURE
CONTROLLER

𝛴
𝑞𝑓𝑑
𝛴

𝑞𝑓

𝑈𝑝

𝛴

𝐽𝑅−1

𝑈𝐶

𝑅𝐿3
𝑑3

𝑑2
(𝑥𝑐 , 𝑦𝑐 )
𝑑4

SHAPE
CONTROLLER

(𝐼 − 𝐽𝑃+ 𝐽𝑃 )

𝑅𝐿4

𝑅𝐿2
𝑑1

𝑅𝐿1

LROBOT FORMATION

𝑞𝑓

Figure 3. Null-space control structure

Figure 4 shows the formation of leader robots; where 𝑅𝐿1 = [𝑥𝐿1 𝑦𝐿1 ], 𝑅𝐿2 = [𝑥𝐿2 𝑦𝐿2 ], 𝑅𝐿3 = [𝑥𝐿3 𝑦𝐿3 ], and 𝑅𝐿4 =
[𝑥𝐿4 𝑦𝐿4 ] are the positions of the leader robots; [𝑥𝑐 𝑦𝑐 ] is the position of the centroid of the formation; d1, d2, d3, and d4
are the distances between robots. The shape variable qf is represented by:

 d1  
d  
qf   2  
d3  
  
d 4  

xL1  xL 2 2   yL1  yL 2 2 
xL 2  xL3 2   yL 2  yL3 2 

xL3  xL 4 2   yL3  yL 4 2 
xL 4  xL1 2   yL 4  yL1 2 

(3)

The posture variable qp is defined by:

 xL1  xL 2  xL 3  xL 4 

 xc  
4
qp     

 yc   y L1  y L 2  y L 3  y L 4 
4



(4)

The control law is defined by:

U c  J R1 U p  J 2U f 

(5)

where: 𝐽2 = (𝐼 − 𝐽𝑝+ 𝐽𝑝 )


K f 1q~ f 


U f  J f q fd  K f tanh

Kf 




(6)
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K p1q~p 
U p  J p q pd  K p tanh

K p 


(7)

where, Kf, Kf1, Kp, and Kp1 are positive constants for the tuning of the controller. 𝑞𝑓 and 𝑞𝑝 are the form the shape errors,
respectively. 𝑞̇ 𝑓𝑑 and 𝑞̇ 𝑝𝑑 are the time derivates of the desired variables of form and posture.
𝑅𝐿3

𝑅𝐿2

𝑑2

(𝑥𝐿3 , 𝑦𝐿3 )

(𝑥𝐿2 , 𝑦𝐿2 )
(𝑥𝑐 , 𝑦𝑐 )
𝑑1

𝑑3
𝑅𝐿4
(𝑥𝐿4 , 𝑦𝐿4 )

𝑑4

𝑅𝐿1
(𝑥𝐿1 , 𝑦𝐿1 )

Figure 4. Leader robot formation

3-2- Consensus Algorithms
In Figure 5, a control algorithm structure is shown.
𝑅𝐿1 , 𝑅𝐿2 , … , 𝑅𝐿4
𝑅𝐿1𝑑 , 𝑅𝐿2𝑑 , … , 𝑅𝐿4𝑑

𝑅𝐿2

𝑅𝐿3

REFERENCE
FOR LEADER
ROBOTS

LEADER
ROBOTS
CONTROLLER

𝛴

𝑈𝑐

𝑅𝑆1

𝑅𝑆3

𝑅𝑆2

𝑅𝑆4

𝑅𝐿4

CONSENSUS
ALGORITHM

𝐽𝑅−1

𝑈𝑑

𝑅𝑆𝑛−1
…

𝑅𝑆𝑛
𝑅𝐿1

ROBOT FORMATION

𝑅𝑆1 , 𝑅𝑆2 , … , 𝑅𝑆4
Figure 5. Control algorithm structure

The consensus algorithm control law according to [20] is expressed as:

X  X  X   sgn  X  X   x

(8)

Y  Y  Y   sgn  Y  Y   y

(9)

where Γ is the Laplacian matrix, X and Y are the robot positions 𝑋̇ = [𝑥̇ 𝐿1 𝑥̇ 𝐿2 … 𝑥̇ 𝐿4 𝑥̇ 𝑠1 𝑥̇ 𝑠2 ⋯ 𝑥̇ 𝑠𝑛 ]𝑇 , 𝑌̇ =
[𝑦̇ 𝐿1 𝑦̇ 𝐿2 … 𝑦̇ 𝐿4 𝑦̇ 𝑠1 𝑦̇ 𝑠2 ⋯ 𝑦̇𝑠𝑛 ]𝑇 are the derivatives of the position of the robots, 𝑋̈ and 𝑌̈ are the second derivatives in
the x-y axis of the leader and followers robots. α, β and γ are controller scaling gains Ψx and Ψy accelerations in the
leader robots x-y axis. Due to the robots input being input with only one derivative and the consensus control law having
a double derivative, the control law is integrated through the Euler method.

X  X t s  X k 1

(10)

Y  Y t s  Yk 1

(11)

̇
where 𝑋̇𝑘−1 and 𝑌𝑘−1
re the previous state, ts is the sampling time, the control action for each robot is given by the
inverse kinematics expressed as:
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 X t  X k 1 
U D  J R1  s

 Y t s  Yk 1 

(12)

Replacing Equations 8 and 9 in Equation 12, the control law is defined by:
.



 X   X   sgn  X  X   x t s  X k 1 

1 

UD  JR 

.
  Y   Y   sgn  Y  Y    t  Y 
y
s
k 1
 



(13)

3-3- Hybrid Algorithm (Consensus and Null-Space)
Figure 6 presents the scheme hybrid algorithm, where the system must carry out three tasks:
• Task 1: To maintain the position of leader robots.
• Task 2: To maintain the shape of leader robots.
• Task 3: To maintain the formation of follower robots.
Hybrid Algorithm

𝑞𝑝
NULL-SPACE ALGORITHM

𝑞𝑝𝑑

𝑞𝑓𝑑

𝑞𝑝

𝛴
𝛴

𝑈𝑝

POSTURE
CONTROLLER

𝑞𝑓
SHAPE
CONTROLLER

𝐽2𝑇 (𝐽2 𝐽2𝑇 )−1

𝑈𝑓

Ʃ

𝑅𝐿2

𝑅𝐿3

𝛴

𝑅𝑆1 𝑅𝑆3 𝑅𝑆𝑛−1
𝑅𝑆2
𝑅𝑆𝑛

𝑈𝐶

𝐽𝑅−1

𝑅𝐿4

(𝐼 − 𝐽𝑃+ 𝐽𝑃 )

𝑅𝐿1

ROBOT FORMATION

𝑞𝑓
𝑈𝐷

𝐽𝑅−1

CONSENSUS
ALGORITHM

Figure 6. Hybrid algorithm (consensus and null-space)

Figure 7 shows the position of leaders and follower robots.

𝑑2

𝑅𝐿3
𝑅𝑆 1

𝑅𝑆 3

𝑅𝐿2
…

𝑅𝑆𝑛−1

𝑑1

𝑑3
𝑅𝑆 2

𝑅𝐿4

𝑅𝑆 4

…

𝑅 𝑆𝑛

𝑑4

𝑅𝐿1

Figure 7. Position of the leaders and follower robots

RL1, RL2, RL3, and RL4 are the leader position vectors; RS1, RS2, RS3 … Rsn-1, and Rsn are the position vectors of the
followers. The kinematic posture model considering leaders and followers is given by:

q p  J p h

(14)

where ℎ̇ = [𝑥̇ 𝐿1 𝑦̇ 𝐿1 … 𝑥̇ 𝐿4 𝑦̇ 𝐿4 𝑥̇ 𝑠1 𝑦̇ 𝑠1 𝑥̇ 𝑠2 𝑦̇ 𝑠2 ⋯ 𝑥̇ 𝑠𝑛 𝑦̇𝑠𝑛 ]𝑇 ; 𝑞̇ 𝑝 = [𝑥̇ 𝑐 𝑦̇𝑐 ]𝑇 moreover, the posture Jacobian is given
by:
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 xc
 x
J p   L1
 yc
 xL1

xc
y L1
yc
y L1

xc
xL 2
yc
y L 2

xc
xS1
yc

xS1



xc
xc

yS1
xSn
yc
yc

yS1
xSn

xc 
ySn 

yc 
ySn 

(15)

The kinematic shape model is given by:

q f  J f h

(16)

where 𝑞̇ 𝑓 = [𝑑̇1 𝑑̇2 𝑑̇3 𝑑̇4 ];

 d1
 x
 L1
 d 2
 x
J f   L1
d
 3
 xL1
 d 4
 x
 L1

d1
y L1
d 2
y L1
d 3
y L1
d 4
y L1

d1
xL 2
d 2
xL 2
d 3
xL 2
d 4
xL 2

d1
xS 1
d 2

xS 1
d 3

xS 1
d 4

xS 1



d1
yS1
d 2
yS1
d 3
yS1
d 4
yS1

d1
xSn
d 2

 Sn
d 3

 Sn
d 4

 Sn



d1 
ySn 

d 2 
ySn 
d 3 

ySn 
d 4 
ySn 

(17)

Taking into consideration the control objectives, the null space is defined by:

U cH  J R1 U p  J 2 U f  J 2U D 

(18)

where 𝐽2 = (𝐼 − 𝐽𝑝+ 𝐽𝑝 ); 𝐽2+ = (𝐽2 𝐽2𝑇 )−1 .


K f 1q~ f

U f  J f q fd  K f tanh
Kf









(19)


K p1q~p 



U p  J q pd  K p tanh

Kp 




(20)


p

where, Kf, Kf1, Kp and Kp1 are positive constants for the tuning of the controller. 𝑞𝑓 and 𝑞𝑝 are the form and the shape
errors, respectively.

 X   X   sgn  X  X   x t s  X k 1 
UD  


 
  Y   Y   sgn  Y  Y   y t s  Yk 1 
−1

where 𝐽𝑝+ = 𝐽𝑝𝑇 (𝐽𝑝 𝐽𝑝𝑇 )

(21)

−1

and 𝐽𝑓+ = 𝐽𝑓𝑇 (𝐽𝑓 𝐽𝑓𝑇 ) 𝐽𝑓𝑇 .

3-4- Stability Analysis
In this subsection, the stability of the first task (posture) is analyzed. The posture kinematics is given by: 𝑞̇ 𝑝 = 𝐽𝑝 ℎ̇,
where ℎ̇ = [𝑥̇ 𝐿1 𝑦̇ 𝐿1 … 𝑥̇ 𝐿4 𝑦̇ 𝐿4 𝑥̇ 𝑠1 𝑦̇ 𝑠1 𝑥̇ 𝑠2 𝑦̇ 𝑠2 ⋯ 𝑥̇ 𝑠3 ]𝑇 ; and 𝑞̇ 𝑝 = [𝑥̇ 𝑐 𝑦̇𝑐 ]. By replacing the robot model:

q p  J p h  J p J RU

(22)

Assuming perfect velocity tracking U=Uc; in closed loop:

q p  J p U p  J 2 U f  J 2U D 

(23)
−1

Replacing 𝐽2 = (𝐼 − 𝐽𝑝+ 𝐽𝑝 ) and knowing that: 𝐽𝑝+ = 𝐽𝑝𝑇 (𝐽𝑝 𝐽𝑝𝑇 ) ; thus 𝐽𝑝 𝐽𝑝+ = 𝐼; and expanding:

q p  J pU p

(24)

Replacing Up and expanding:
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K p1q~p 


q p  J p J p q pd  K p tanh

Kp 



K p1q~p
q~  K p tanh
0
Kp

(25)

(26)

Thus, if Kp and Kp1 are positive constants 𝑞𝑝 → 0 with 𝑡 → ∞.
The stability of the second task is analyzed, the shape kinematics (shape of the leaders) is given by 𝑞̇ 𝑓 = 𝐽𝑓 ℎ̇.
Replacing the robot model:

q f  J f J RU

(27)

Assuming perfect velocity tracking U=Uc; in closed loop:

q f  J f U p  J f J 2 U f  J 2U D 

(28)
−1

Multiplying both members of the equation by: 𝐽𝑓+ = (𝐽𝑓 𝐽𝑓𝑇 ) 𝐽𝑓𝑇 and considering that 𝐽𝑓+ 𝐽𝑓 = 𝐼:

J f q f  U p  J 2 U f  J 2U D 

(29)

Replacing Up and 𝐽2 = (𝐼 − 𝐽𝑝+ 𝐽𝑝 ).


K p1q~p 





J f q f  J p q pd  K p tanh
  U f  J2UD  J p J p U f  J2UD
K

p 











(30)



(31)

Multiplying both members of the equation by J2:


K p1q~P 



J 2 J f q f  J p q pd  K p tanh
  J2 U f  J2UD  J2J2 J p U f  J2UD
K p 








by orthogonality 𝐽2 𝐽𝑝+ = 0;

J f q f  U f  J 2U D

(32)

Multiplying both members of the equation by Jp and by orthogonality 𝐽𝑝 𝐽2+ = 0.

J f q f  U f

(33)

Replacing Uf:


K f 1q~p 


J f q p  J f q fd  K f tanh

Kf 




(34)

K f 1q~ f
q~ f  K f tanh
0
Kf

(35)

If Kf and Kf1 are positive constants, then 𝑞𝑓 → 0 with 𝑡 → ∞. The stability of the third task (formation of the follower
robots) is analyzed, the formation kinematics of the followers and leaders is given by:

h  J RU
where ℎ̇ = [𝑥̇ 𝐿1 𝑦̇ 𝐿1 … 𝑥̇ 𝐿4 𝑦̇ 𝐿4 𝑥̇ 𝑠1 𝑦̇ 𝑠1 𝑥̇ 𝑠2 𝑦̇ 𝑠2 ⋯ 𝑥̇ 𝑠3 ]𝑇 .
Assuming perfect velocity tracking U=Uc; in closed loop:



h  U p  J 2 U f  J 2U D



(36)

where: 𝐽2 𝐽2+ = 𝐼;

h  U p  J 2U f  U D

(37)
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Multiplying both members of the equation by Jp

J p h  J pU p  J p J 2U f  J pU D

(38)

by orthogonal 𝐽𝑝 𝐽2 = 0

h  U p  U D

(39)

Replacing Up from Equation 20 and expanding Equation 39, it is obtained:

h  J p q pd  K p tanh q~p  U D

(40)

Multiplying both members of Equation 40 by J2, and by orthogonality 𝐽2 𝐽𝑝+ = 0, then:

h  U D

(41)

The control law UD is:

 X  X   sgn  X  X   x t s  X k 1 
h  


 
  Y  Y   sgn  Y  Y    y t s  Yk 1 

(42)

where ℎ̇ = [𝑋̇ 𝑌̇] replacing and expanding, thus ℎ̇ can be rewritten as:

 X   X  X   sgn  X  X   x t s  X k 1 
 Y     Y  Y   sgn  Y  Y    t  Y 
y
s
k 1 
  

(43)

Replacing Equations 10 and 11, and expanding Equation 42, thus can be rewritten as:

X  X  X   sgn  X  X   x

(44)

It is known that ΓX the position error can be defined as 𝛤𝑋 = 𝑋̃ where 𝑋̃ is the position error on the x-axis. Therefore,
it can be rewritten as:

~
X   1 X

(45)

By replacing Equation 42 and its temporal derivatives in Equation 41:





  X~   X~    sgn  X~  X~ 
X~
x

(46)

For the stability analysis, it can be considered that the first n-m inputs corresponding to the four leaders are equal to
zero since the consensus algorithm will be used to carry out the formation of the followers. The formation of the leaders
is carried out in the second task. Thus, it can be rewritten in a simplified form as:





~
~
~
~
~

X F  MX F  MX F  M sgn X F  X F  F

(47)

where ΨF=ΓΨx are position vector error in X, Y., velocity vectors error in x and y. , and leader acceleration vectors in
x and y. To find a candidate function to test the stability criterion, the matrices P and Q are defined as:

 Im
M 1 
P

1
M 1 
 M


Im
  Im

Q

 Im
 2



2

I m  M 1 


(48)

(49)

where Im is an 𝑚 × 𝑚 identity matrix, 𝑀 = [𝑚𝑖𝑗 ] ∈ 𝑅𝑚×𝑚 𝑚𝑖𝑗 = 𝑙𝑖𝑗 defined as the Laplacian matrix. Since the
mentioned matrices are symmetrical, to define them as positive, their eigenvalues must be positive. To achieve this, the
following conditions must be met:
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  min M  and  

4min M 
4   2min M 

where λmin(M) is the smallest eigenvalue of M. According to which the Lyapunov candidate function is defined as follow:

V

1 ~T ~
1
X F X F   X~ FT M 1 X~ F  X~ FT M 1 X~ F
2
2

(50)

Deriving V, it is obtained:

 X~ T 
X~ F Q  ~ F     X~ F  X~ F

X F 





V   X~ FT





T



 

sgn  X~ F  X~ F   X~ F  X~ F

 M
T

F 

1

(51)

𝑇
𝑇
The product (𝛾𝑋̃𝐹 + 𝑋̃𝐹 ) 𝑠𝑔𝑛(𝛾𝑋̃𝐹 + 𝑋̃𝐹 ) is:

 X~

 X~ F

F

 M
T

 F    X~ F  X~ F    

2

n

1

1

k 1

 X~

F

 X~ F



k



0

If 0<c<1 the inequality is met when:
~

~

X F  X F 



 X~

 X~ F

F



V   X~ FT

(52)

c

1

 sgn  X~  X~   1  c  X~  X~
X~ Q   X~  X~  1  c   M  
T

F

T
F

F

F

F 1

1

F

F 1

(53)

F 1

To guarantee that V<0, the following condition must be met:



M 1 F

(54)

1

1 c

Thus 𝑋̃𝐹 → 0 when 𝑡 → 0. Considering the same analysis for 𝑌̃𝐹 , it is obtained that 𝑌̃𝐹 → 0 the same stability analysis
is developed for the Y-axis.

4- Test and Results
To validate the hybrid control, two experiments have been developed: i) formation of 7 robots (4 leaders and three
followers), and ii) formation of 12 robots (4 leaders and eight followers). With these experiments, it is intended to
demonstrate that with the proposed hybrid controller, it is possible to make the scalability of a null space algorithm for
a formation of mobile robots, maintaining the structure of the controller despite increasing the number of robots, it is
also intended to verify that there are no singularities in the formation of the robot followers. And the convergence to
zero of the control errors will be verified. The main advantage of the proposal is that the formation of the followers does
not depend on any geometric shape. The controller parameters are Kf=3.8; Kf1=5.5; Kp=2.8; kp1=10.5; α=10; γ=30; β=7,
these values were obtained empirically through experimentation. In the first experiment, seven robots are considered.
The distribution of robots is shown in Figure 8.
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Figure 8. Distribution of the formation of leaders and followers
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From Figure 8, the Laplacian Matrix is given by:
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2 


(55)

The trajectory is defined by 𝑓(𝑡) = 𝑠𝑖𝑛(𝜋𝑡/4), the sampling time is 𝑡𝑠 = 0.02 𝑠. Figure 9 shows the trajectory
tracking for a group of robots, four leader robots, and three follower robots. The leader robots start from an initial
position; the null space control brings the leading robots to a square shape. The follower robots also start from an initial
position, and the consensus algorithm control allows the followers robots to be in the desired positions. The centroid of
the square formed by the leaders follows the desired sinusoidal trajectory. It can be seen in Figure 9 that the leader robots
form a square, and the follower robots are positioned in the desired position of the formation.

Initial Position

Figure 9. The trajectory of leader robots and follower robots

Figure 10 shows 𝑥𝑐 the posture error in X, and 𝑦𝑐 the posture error in Y, the initial position of the centroid of the
formation of the leader robots starts outside the desired trajectory, for which an error is generated at the time 𝑡0 , task 1
of the null_space control takes the centroid of the formation to the desired trajectory; it is observed in the figure that the
posture errors converge to zero, verifying the good performance of the null space controller.

Figure 10. Errors in the posture of the leader
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Figure 11 shows the formation errors of the four leader robots 𝑑̃1 , 𝑑̃2 , 𝑑̃3 and 𝑑̃4 . It can be seen that the robots start
from an initial position, which generates the formation errors at the time 𝑡0 . Task 2 of the null space controller allows
the leader robots to form a square figure; it is verified in Figure 11 that the four shape errors converge to zero, which
confirms the good performance of the null space controller

Figure 11. Shape errors of the leader

Figure 12 shows the position errors of the three follower robots, where 𝑥𝑆1 , 𝑥𝑆2 and 𝑥𝑆3 are the position errors in X of
the formation of the follower robots 𝑦𝑆1 , 𝑦𝑆2 and 𝑦𝑆3 are the position errors in Y of the formation of the follower robot. To
control these errors, the consensus algorithm of the hybrid controller was implemented; it can be seen that the robots start
from an initial position different from the desired one, and the consensus algorithm takes the robots to the desired positions.
It is verified that the position errors of the follower robots converge to zero, affirming the good behavior of the proposed
controller.

Figure 12. Position errors of the follower robots
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In this first experiment, a hybrid controller has been implemented for the formation of 7 robots (4 leader robots and
three follower robots); the hybrid controller is structured of the null space controller and a consensus algorithm. As a
result, it has been observed that the null space controller meets the posture objectives, the consensus algorithm meets
the control objective of the formation of the follower robots. Therefore, the first experiment can verify that the control
objectives are met since the errors converge to zero.
Twelve robots (4 leaders and eight followers) are considered for the second experiment. The leader robots maintain
the same square shape as in experiment one. The controller structure does not change, task 1 is maintained as a posture
control, and task 2 for the formation of the leader and follower robots, the follower robots use consensus algorithms to
maintain their shape. The Jacobian of the robots and the Laplacian matrix are changed to increase the number of robots.
The location of the follower robots depends on the Laplacian matrix, and they are located as shown in Figure 13.

𝑑2

𝑅𝐿3
1 0.5
𝑅𝑆 3

0.25
0.25

𝑑3

𝑅𝐿2

0.5

𝑅𝑆 3

0.25

𝑅𝑆 1

𝑅𝐿4 0.5

𝑑1

0.5

0.25

𝑅𝑆 3
0.25

0.25

1

0.25

𝑅𝑆 3

0.5

1

𝑅𝑆 3

𝑅𝑆 2

0.25

𝑅𝑆 1

0.5

1

𝑅𝐿1

𝑑4
Figure 13. Formation of eight follower robots

From Figure 13, the Laplacian Matrix is given by:
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Figure 14 shows the trajectory tracking for a group of robots, four leader robots, and eight follower robots. The leader
robots start from an initial position; the null space control brings the leading robots to a square shape. The follower
robots also start from an initial position, and the consensus algorithm control allows the follower robots to be in the
desired positions. The centroid of the square formed by the leaders follows the desired sinusoidal trajectory. It can be
seen in Figure 14 that the leader robots form a square, and the follower robots are positioned in the desired position of
the formation.
Figure 15 shows 𝑥𝑐 the posture error in X, and 𝑦𝑐 the posture error in Y, the initial position of the centroid of the
formation of the leader robots starts outside the desired trajectory, for which an error is generated at the time 𝑡0 Task 1
of the null space control takes the centroid of the formation to the desired trajectory; it is observed in the figure that the
posture errors converge to zero, verifying the good performance of the null space controller.
Figure 16 shows the formation errors of the four leader robots 𝑑̃1 , 𝑑̃2 , 𝑑̃3 and 𝑑̃4 . It can be seen that the robots start
from an initial position, which generates the formation errors at the time 𝑡0 . Task 2 of the null space controller allows
the leader robots to form a square figure; it is verified in the figure that the four shape errors converge to zero, which
verifies the good performance of the null space controller.
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Initial Position

Figure 14. The trajectory of the leader robots and following robots

Figure 15. Errors in the posture of the leaders

Figure 16. Shape errors of the leaders
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Figures 17 and 18 show the position errors of the eight follower robots, where 𝑥𝑆1 , 𝑥𝑆2 , 𝑥𝑆3 , 𝑥𝑆4 , 𝑥𝑆5 , 𝑥𝑆6 , 𝑥𝑆7 𝑎𝑛𝑑 𝑥𝑆8
are the position errors in X of the formation of the follower robots 𝑦𝑆1 , 𝑦𝑆2 , 𝑦𝑆3 , 𝑦𝑆4 , 𝑦𝑆5 , 𝑦𝑆6 , 𝑦𝑆7 𝑎𝑛𝑑 𝑦𝑆8 are the position
errors in Y of the formation of the follower robot. To control these errors, the consensus algorithm of the hybrid controller
was implemented; it can be seen that the robots start from an initial position different from the desired one, and the
consensus algorithm takes the robots to the desired positions. It is verified that the position errors of the follower robots
converge to zero, verifying the good behavior of the proposed controller.

Figure 17. Position errors X of the follower robots

Figure 18. Position errors Y of the follower robots

In this second experiment, a hybrid controller has been implemented for the formation of 12 robots (4 leader robots
and eight follower robots); the hybrid controller is structured around the null space controller and a consensus algorithm.
The structure of the controller is maintained; what changes is the Laplacian matrix, and it has been observed that the
null space controller meets the posture objectives, the consensus algorithm meets the control objective of the formation
of the eight follower robots. The second experiment can verify that the control objectives are met since the errors

Page | 444

Emerging Science Journal | Vol. 6, No. 3

converge to zero. The scalability of the controller is demonstrated in this second experiment, where it can be verified
that the control objectives are met since the errors converge to zero.
Based on the experiments carried out, it can be determined that the hybrid control topology enhances multitasking in
the formation of mobile robots regardless of the number of robots. The implementation of the null space algorithm
allows a controller with multiple tasks, such as i) the posture task, which allows the formation centroid of the leading
robots to follow the desired trajectory, ii) the shape task, which allows the leading robots to form a square, and iii) in
the task of forming the following robots, the advantages of the consensus algorithm are included, such as the formation
of the follower robots as a task within the null space does not depend on a geometric figure, so it is not necessary to
redesign the controller, introducing scalability to the null space, adding advantages to the hybrid proposal, singularities
that can be generated in certain configurations are avoided. This proposal combines the best features of null space control
and consensus algorithms.

5- Conclusion
In the present work, a novel proposal for a hybrid control based on null-space and consensus algorithms to solve the
scalability problem of robot formation was developed. The main advantage of the proposal is that the formation of the
followers does not depend on any geometric shape. Simulation tests have shown the outstanding performance of the
proposed controller in the formation of non-holonomic mobile robots, and the algorithm scalability has been validated.
Furthermore, the performed tests showed that the errors of the three tasks in the null space converged to zero: i) the
leader position task, ii) the leader shape task, and iii) the follower formation task. Furthermore, the results confirmed
that the controller structure did not change despite increasing or decreasing the number of follower robots in the
formation. Based on the experiments carried out, it can be determined that the hybrid control topology enhances
multitasking in the formation of mobile robots regardless of the number of robots.
Furthermore, the formation of the follower robots as a task within the null space does not depend on a geometric
figure, so it is not necessary to redesign the controller, introducing scalability to the null space, adding advantages to the
hybrid proposal. Another advantage of implementing this structure is that it differs from algorithms based on geometric
figures in that it does not introduce singularities in the formation of mobile robots. Therefore, the approach presented a
control algorithm that allows the null space and consensus algorithms to solve the scalability problem and the geometric
shape dependence for the follower robots' formation. In future work, it is proposed to analyze a complete model of the
robots in which changes in the dynamics are considered to develop an in-depth study of the performance of the proposed
controller.
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