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This research intends to investigate the effect of collaborative computerized learning using
GeoGebra on the development of the concept images of angle among seventh graders who were
engaged in computerized collaborative activities that encouraged the development of five types of
angle concept images: verbal, authentic-life, graphical, numeric, and dynamic. The research
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1- Introduction

The topic of angles is a main topic in school geometry. Students need to understand adequately concepts related to
angles in order to further their study of geometric concepts and relations. In any other case, students’ cognitive
understanding of subsequent topics in geometry in particular and daily life activities connected with geometric concepts
in general will be negatively affected [1]. Moreover, the concept of angle will never be fully grasped until students can
identify and distinguish it easily, and consequently; use it better in their life. This can be achieved through dynamic
manipulation of the angle by using technological tools such as GeoGebra, Applets, etc. This would promote and facilitate
learning geometric concepts and relations. Once technology is used properly, the learning environment becomes suitable
for students’ engagement [2] and for visual and dynamic investigations, through which students will grasp conceptually
geometric topics [3]. In the present research, we investigate how GeoGebra helps seventh grade students develop the
concept of angle through their use of dynamic objects enabled in tools like GeoGebra.

In addition to the use of technological tools that promote students’ investigations of mathematical concepts [4, 5],
collaborative learning encourages students to participate in investigating mathematical concepts, argue with each other
regarding these concepts, and raise questions for discussion. This would result in internal sharing of mathematical
concepts [6] through seeing the relations between these concepts and other concepts already known to the students.
Furthermore, during collaborative investigation, misconceptions are raised for discussion among the students and
between them and their teacher, which results in correcting these misconceptions [7]. This is preferable to getting the
right answers directly as a condition for conceiving the mathematical concept definitions.
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Following, we present the literature review related to the topic of the article — concept image in general and concept
image of the angle. Then, we present the methodology that served us in investigating students’ concept images of the
angle and the development of this concept image. Afterwards, we present the students’ concept images of the angles,
before and after the experiment, and comment on the development of their concept images as a result of the experiment.
We then discuss the development of the participating students’ concept image of the angle, where we show the influence
of the dynamic technology on this development. Doing so, we refer to previous research.

1-1- Concept Image

A concept image refers to the total cognitive structures that are associated with the concept and includes all the
concept images of the learner, as well as the associated properties and processes which have been built up over the years
through different experiences. Concept images are likely to change depending on the different stimuli the individual
experiences [8]. It is possible for the concept image to be very different from the formal concept, which is scientifically
acceptable. This difference may lead to the emergence of cognitive conflict [9]. Vinner and Dreyfus [10] stated that
students divide concepts into definition and concept images, without relating properly the formal definition to the
concept images they hold.

The concept image develops based on the ideas learnt by students at different stages. More specifically, they change
according to students’ experiences, examples they have, and their awareness of mathematical concepts [10, 11]. This
possibility of change made researchers suggest to let students experience a comprehensive study of the mathematical
concepts or relation in order to improve them when needed [12]. In addition, Concept images can be incarnated into
verbal forms; however, these verbal forms are not the first thing that stimulates students’ memories [13].

1-2- The Concept Image of Angle

When students utilize technology to investigate mathematical concepts, they are introduced to new experiences and
various examples that communicate these concepts dynamically with different forms and different representations.
Consequently, technological tools such as GeoGebra are cognitive tools that accompany students in developing multiple
concept images associated with mathematical concepts [14-16]. Among these concept images is the dynamic
representation of the mathematical concepts. Mathematical curricula usually lack dynamic representation of the angle
concept, which is normally seen as a fixed entity by students. For instance, some students do not realize what happens
to the angle after rotating or extending one of its rays.

Moreover, most mathematical curricula concentrate on four concept images of the angle: verbal, authentic-life,
graphical and numeric. Therefore, the teaching unit that we built to develop the various concept images of the angle
took in consideration also the dynamic concept image of the angle, hoping to develop the students’ conceiving of this
concept image. There is no doubt that the concept of angle is multifaceted, therefore, researchers had given different
definitions for this concept [17]. These definitions include the rotation of a ray around its endpoint, the geometrical
shape formed when two rays meet at their endpoints, the area enclosed between two rays that meet in one endpoint, etc.
For this reason, students may have a set of different images associated with the concept of angle.

Clements & Battista (1992) [18] and Mitchelmore & White (2000) [19], pointed out that students do not realize the
angle as a rotation of a ray, therefore, their perception of the concept is partial peripheral. Mitchelmore & White (2000)
[19] conducted a study to identify the way students from grades (2-8) define the angle concept. They found that the
students looked at an angle as a point and two arms. Many students in the eighth grade still do not relate rotation to the
concept of angle, what results in wrong perception of the angle concept, as believing that the length of the angle arms
affects its value. Several studies showed that technology helps represent the angle dynamically [20], which enables
students to notice the rotation of the ray, and how this rotation affects the measure of the angle [14-16, 21]. The authors
of the current study reviewed the mathematics curriculum of the seventh grade in Israel, and they found that this
curriculum presents four different types of representations of the angle concept: verbal, authentic-life, graphical and
numeric. In more detail, according to this curriculum, the seventh grade students should possess different meanings
related to angles including: defining and representing angles verbally, representing angles in daily life experiences,
drawing angles and measuring angles. This study focused on the development of the angle notion and representations
among seventh grade students after carrying out a number of collaborative activities in a computerized environment.

1-3-Research Question
What is the effect of computerized collaborative learning based on GeoGebra on the development of concept images
of the angle concept among seventh graders?
2- Research Methodology
2-1-The Research Procedure, Context and Participants

The participants consisted of eight female seventh graders (12-13 years old) who studied in a middle school of middle
socio-economic status. The students in the particular seventh grade were of various levels including weak, good, and
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excellent students. The participants in the present research were grouped into four pairs. A pre-test and a post-test were
built to measure the development of the different types of representations of angle concept including: the verbal, the
authentic life, the graphical, the numeric and the dynamic. After teaching the unit, the students were interviewed
individually in order to identify the development of their angle concept images.

Following, we present the research instruments, and the research analysis tools. Doing that, we utilize Tables that
illustrate these instruments and analysis tools, which makes them clearer to the reader.

2-2-The Research Instruments

A pre-test and a post-test were administered to identify the concept images of angle among seventh graders. The
authors built the pre-test and the post-test based on the angle ideas in the Israeli mathematics book for Grade six.
According to this curriculum, the sixth-grade students should possess different notions related to angles including:
Defining and representing angles verbally, representing angles in daily life experiences, drawing angles and measuring
and calculating angles. The teaching unit developed included also the dynamic image of angles. The students took the
pre-test before carrying out the collaborative computerized activities included in the teaching unit. Later, they took
another test (a post-test), where the results of the two tests were compared to arrive at the development of students’
concept images in the five representations. Table 1 shows examples of concept images associated with some
representations of the angle.

Table 1. Examples of concept images of various angle perceptions

Concept Images Angle Perceptions

Verbal concept images:
For example, for the student to say: door opening, book opening, room corner.
Graphical concept images:

Wall Door  Door opening

[
/{— - Representing the angle in everyday life.
Qzr

©

Wheel Scissors hole

Verbal concept images:

- Two rays starting from the same point and are called angle legs. Representing the angle verbally: Definition and

- Part of the plane determined by two rays. description of the angle.
- Degree of rotation.

Graphical concept images:

g | J Representing the angle graphically.
-\‘\

B )
\ T

Verbal concept images, such as:

- Measuring the angle with a protractor.

- The angle value.

- Arithmetical concept images: 90°, 180°, 70°.

Graphical concept images: Representing the angle arithmetically.

180°

L]
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2-3- Data Analysis Method

The Constant Comparison Method was used to obtain various themes related to the manifestation of the five
representations of the angle: verbal, authentic-life, graphical, numeric and dynamic. Then, the participating students'
concept images of the angle manifested in the post-test were compared with those in the pre-test. Table 2 shows an
example of the analysis taken from the pre-test, while Table 3 shows an example of the analysis taken from the post-
test.

Table 2. Analysis examples of categories taken from the pre-test

Aspect Category Examples
- The home table has right angle
Representing angle - The angle of an opened window
verbally in daily life as a
right angle - The angle of an opened Door

- The angle of an opened Closet
Daily life - Folding a sheet of paper using a specific angle

Graphical representation

. - Arranging and organizing
The role of the angle in . ; .
daily life - The right angle gives a more beautiful look to

the table / wall — gives beauty for the shape.

Table 3. Analysis examples of categories taken from the post-test

Aspect Category Examples

- The angles of a blackboard frame
- The window opening
- The computer opening
- The angle of the back of chair with the base
Verbal representation The angle of the pen with the paper
of angle in daily life - Room angle
- The fridge opening
- The angle produced when we move our head
- The clock hands

- The angle that the tower / building makes with
the ground

Daily life

W —
Graphical ': ! T
representation - ‘

2-4- The Technological Tool

The tool that the students worked with was GeoGebra. It was developed by Markus Hohenwarter in 2002. GeoGebra
is an interactive tool that targets students in the mathematics classroom. It includes different windows, as the Algebra
and the Geometry windows [22]. Thus it could be used to assist the learning of various mathematical topics, as function
transformations [23] and triangles [24].

We chose GeoGebra for its visual and dynamic features that can assist the students in investigating and discovering
independently and collaboratively various mathematical representations of the angle concept and its components. The
students were also given the opportunity to construct various angle representations through performing teacher-guided
activities. More specifically, we developed a unit that utilizes computerized collaborative learning using GeoGebra and
based on Guided Discovery.

2-5-The Teaching Unit

The unit included seven activities that aim to develop different representations of the angle concept. The activities
were based on investigation to help the students discover the different representations of the angle. It also included
construction activities to help them construct mathematical objects related to the angle concept in order to understand
the angle manifestations. The students were also asked to observe the effect of the dynamic changes on the angle
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representations. The collaborative aspect was also stressed through the instructions in the activities before and during
performing the activities. For example, some of the teacher’s instructions were:

e When solving a problem, think aloud and describe to your mate the solution steps asking her for help.

e When your mate performs a move in GeoGebra, ask her to explain this move and discuss it with her.

o Discuss together and write a proper definition of the angle.

o Explain this phenomenon to your mate and discuss it with her.

o Discuss, with your mate, the other angles you see in the pyramid, and explain why these are considered angles.
e Construct an angle using an icon in GeoGebra and give your mate a chance to construct other angles herself.

e Raise a conjecture and ask your mate to verify its correctness.

o Formulate a definition of the angle based on the way you constructed it in GeoGebra; then ask your mate to check
how exact the definition is, by constructing an angle in GeoGebra using this definition, or constructing an example
of a shape which is not an angle but satisfies the conditions of the definition.

3- Research Results

The main objective of this research was to identify the effect of computerized collaborative learning using GeoGebra
on the development of the images of the angle concept among seventh graders. In this section, we shall summarize the
development of the students’ images of the angle concept due to collaboratively being engaged with the angle concept
with the help of GeoGebra.

3-1- Verbal Image

The research results showed significant development of verbal perception of the ray concept and, consequently, the
angle concept. Before the experiment, the students could not define the ray correctly saying that it is the distance between
two fixed points. While after the experiment, all the students defined both the ray and the angle correctly based on their
graphical manipulation of these concepts in GeoGebra. It was clear that the students' development of the graphical
perception of the ray and the angle led to the correct verbal perception of these concepts. For in-stance, the students
drew the ray in GeoGebra starting with an endpoint, so they defined it as a straight line, which has an endpoint from one
side only.

An example on students’ definition of angle before the experiment:
Before the experiment: Two ends of two edges constitute an angle.

An example on students’ definition of angle after the experiment:
The angle is the object that results from two rays that have the same end point.

3-2- Authentic-Life Image

During the experiment, the students developed various meanings of the authentic-life representation of the angle. For
instance, before the experiment, the students expressed the angle in daily life only verbally as the corner of a door, a
window, or cover of an open book. They also talked only about right angles in daily life and did not mention any dynamic
ones. However, the students, after the experiment, had developed deeper understanding of the angle concept to the extent
that they started to talk about different types of angles in daily life both verbally and graphically. For instance, they
began to talk about and draw angles formed by an open window, the angle made by the back and the base of a chair, the
angle formed between the pen and the sheet of paper, the angle of an open fridge door, the angle of an open laptop, the
angle formed by the hands of a clock, or the viewing angle formed by the observer's eye when looking at an object (for
example: a building).

An example on students’ authentic-life representation of angle before the experiment:
The angle is a corner of the door when it is opened.

An example on students’ authentic-life representation of angle after the experiment:
The angle could be the corner of the door whether it is opened or closed.

Furthermore, the students developed wide perception of the angle concept as a dynamic one that can be moved and
controlled based on their daily needs. For instance, the angles formed when they open a laptop, when they move a pen
on a sheet of paper, when they move their heads, also angles formed by the movement of the hands of a clock, or viewing
angle formed by the observer's eye when looking at an object. They could notice the change in the angle's value according
to the movement of its sides or its vertex as in the viewing angle case. The study also showed that prior to the experiment,
the students mentioned only two important aspects of angles role in daily life: beauty and organization. Yet after the
experiment, the students listed four further important aspects in performing daily tasks: household chores, practicing
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sports and writing and reading. All in all, the development the students had with respect to the angle concept resulted in
developing students' perception of its vital roles in their daily lives.

An example on students’ perception of angle role in daily life before the experiment:
The angle gives beauty to everyday life.

An example on students’ perception of angle role in daily life after the experiment:
The angle has vital role in our everyday life.

3-3- Graphical Image

There was a noticeable development in students' abilities to perceive graphically the angle concept. For example, the
participants mentioned only three types of angles before the experiment (acute, obtuse and right). Furthermore, the
students were not able to draw all three types of angles in one geometrical shape. However, after using GeoGebra, and
through collaborative leaning, the students stated five different types of angles (acute, obtuse, right, straight and reflex)
and managed to draw all of them using one geometrical shape.

An example on students’ graphical perception of angle before the experiment:
The angle is of three types: acute, right and obtuse.

An example on students’ graphical perception of angle after the experiment:
The angle is a rotation. This rotation could be positive or negative. It could be less than 360 degrees or more.

3-4- Numeric Image

Before the experiment, the students stated that shrinking or extending the side of an angle affects its value
considerably; yet after the experiment, the students denied this claim and stated that the change in the length of the angle
sides does not affect its value, because angles are formed by rotating a ray, and the lengthening or shortening of that ray
does not affect the size of the angle formed by its rotation.

An example on students’ perception of angle size before the experiment:
When we extend the rays of an angle, its measure increases because it turns to have more space inside it.

An example on students’ perception of angle size after the experiment:
When we extend the rays of an angle, nothing happens to its measure. Nothing changes here though it seems that the
space inside it increases. In fact, its rays are infinite in one direction.

3-5- Dynamic Image

The students of the seventh grade were not capable of dealing with the problems related to the dynamic perception
of angles on the pre-test. For example, they could not imagine the effect of moving one of the angle's components such
as the vertex or a side on the angle's value. After the experiment, the students managed to overcome problems of this
type on the post-test to the extent that they provided valid verbal and graphical justifications for most of them based
mainly on the idea that an angle is a rotation of a ray.

After carrying out the activities, the students stressed, during the interviews, that before using GeoGebra it was very
difficult for them to imagine what happens to the angle when they stretch or shrink one of its sides or move its side or
its vertex. On the other hand, when they started to use it, they were able to imagine every possible change that might
happen when moving any part of the angle. Therefore, they began to realize the importance of angles in their daily lives
and how dynamic they are. For example, they started noticing the change in the value of the viewing angle of a particular
object to the observer's eye when approaching or moving away from it, or the change in the value and the shape of the
angle when a laptop screen is moved in order to use it in a comfortable position and to see the objects on the screen
properly.

An example on students’ dynamic perception of angle before the experiment:
There is one size for each angle. Angles with different sizes are different.

An example on students’ dynamic perception of angle after the experiment:
Different angles can result from one original angle. These could result from rotating a ray of an angle around the
second ray.

4- Discussion

The study results showed that using computerized collaborative environment helped students develop their images
of the angle concept, mainly the dynamic and daily-life images. Before the experiment, these students managed to
express the angle concept mainly verbally, considered only right angles and did not view angles as dynamic objects.
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This indicates that the participants had partial perception of the angle, which was reflected also in the examples they
gave in the pre-test. After working visually, dynamically and collaboratively with angles, we notice that the students’
perception of angles got more profound through expressing various kinds of angles from their daily life verbally,
graphically and dynamically. This advancement achieves one of the objectives of the Principles and Standards for School
Mathematics [25], which emphasizes the importance of linking mathematics with students’ daily-life as well as their
personal interests. This linking could be accomplished in indoor and outdoor learning environments [26] as well as in
the regular classroom or the social networking one [27, 28]. Moreover, the development of students’ perception of the
angle as dynamic object could be due to the use of the dynamic features of GeoGebra, such as dragging that the students
utilized when carrying out the activities. These dynamic features are reported as assisting the learner in building her or
his mathematical knowledge [29]. Specifically, for the present research, students’ interactions with dynamic objects, in
our case angles in GeoGebra, enabled them to see how dragging changed the mathematical object graphically as well as
its measures, which allowed the participating students to find characteristics of the angle that might remain hidden in
static diagrams of the mathematical object [30]. Moreover, these interactions with dynamic angles constituted strategic
use of a content-specific mathematics technology that supported the students in exploring and identifying the
mathematical concept with which they worked [31], here, the angle. Thus, the results indicate the importance of the
dynamic technology in assisting students to overcome misconceptions expected when learning compound mathematical
concepts and relations [32].

With regard to students' graphical images of angles, it is possible to attribute students' development in recognizing
various types of angles to several factors including: the construction process using GeoGebra and the dragging process
which helped students notice how angles change. Besides, the activities instructions (e.g. moving one side of the angle
and identifying the type of the resulted angle) helped the students develop various concept images of the angle. Here,
the role of the teacher, as a source of the activities, is critical. The teacher here is seen as escalator of students’ knowledge
of mathematical objects and relations [30].

In addition, collaboration and discussion helped in increasing students' awareness of various aspects of the angle
concept. All these interpretations are consistent with the claim that the concept images of a particular concept are the
result of students' experiences, including examples, of this mathematical concept [11, 13]. Furthermore, the teacher’s
actions and interactions with the students, including the activity instructions, presented her as an orchestrator and coach
of the strategic use of GeoGebra for the learning of the angle concept [30].

In terms of the numeric image of angles, the students stated, before the experiment, that the extension or shrinking
of the ray of the angle affects the angle’s size. After the students’ engagement with angles collaboratively utilizing
GeoGebra, they noticed that neither the extension nor the shrinking affects the size of the angle, because an angle appears
as a consequence of rotating a ray and has nothing to do with the decrease or increase of the two sides of the angle. This
development of students’ numeric concept of the angle was supported by the software potentiality of measurement that
enabled the students to verify their claims and substantiate them [33]. Furthermore, these findings emphasize the claim
of Biber et al. [34] who concluded that when students have meaningful, real experiences of measuring and comparing
angles via different methods, they become more likely to perceive the standard definition of the angle and understand
that the angle value is affected by the amount of the rotation of its ray rather than the length of its sides. For this matter,
our study concentrated on the use of technology and the implementation of collaborative learning strategies for treating
students’ misconceptions of angles.

As far as the dynamic image of the angle is concerned, the students had developed deeper understanding of this image
due to the use of GeoGebra in solving the problems in the activities as the students emphasized during the interviews.
They stressed that GeoGebra helped them imagine and perceive the angle concept deeper, especially when they realized
it as an object resulting from rotating a ray. This development of their dynamic concept of angles depended on working
with GeoGebra which helps display ideas and concepts visually and dynamically through various representations that
are mostly related to geometry and algebra [25]. Generally speaking, using technology encourages looking at angles as
an act of rotating a ray around its endpoint, and thus helps overcome misconceptions related to the angle concept, as
well as widens the meanings associated with the mathematical concept [24, 35].

In addition to the arguments above, the research results show the advantages of students’ collaboration in groups or
pairs. The participating students in the present research were urged to collaborate with and criticize each other through
discussions and comments. This collaboration supported the students in carrying out the activities successfully [36-38].
The students managed to define the concepts correctly and gradually based on arguments and constructions [39]. These
results show that it is necessary to allow students to construct, explore and investigate mathematical concepts by
themselves, as well as to encourage them to develop their knowledge of mathematics through collaboration with each
other. The results on the role of collaboration in supporting their mathematical investigations is in line with Befio [40]
who argues that technology supports how people collaborate. In addition, it is in line with studies that showed the
positive impact of working in a group on students’ learning with technology [41].
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5- Conclusion and Recommendations

The multiple visual and dynamic features of GeoGebra proved to be very helpful in collaborative settings in
deepening students' understanding of the angle concept as an object that can be moved and controlled. This led to their
widening their images of the angle, especially as they realized that different types of angles could be created when a ray
is rotated. This dynamic concept of the angle is what the students lacked before the experiment, for they were not able
to express the angle created dynamically from rotation. The deficiency of not being able to see the angle as a rotation of
a ray was stressed in previous studies, concluding that it led to partial understanding of angles and misconceptions
included in the images of students of the angle concept. Here, technology enabled seeing the angle as a rotation, which
helped the students develop a new image of the angle, that of rotation. In the context of the present research, technology
was one variable of the environment in which the students learned. Another variable was collaboration. Collaboration,
with the support of technology, supported the work of the participants. Specifically, collaboration among group members
led to lively mathematical discussions about the different images related to the angle concept. These lively mathematical
discussions indicate the importance of student-centered learning for supporting students’ conceptual learning. These
discussions helped reach a concise and accurate definition of what an angle is, and consequently, led to a deep
understanding of the various images of the angle concept. The results of the present research agree with the consideration
that small-group discussions that involve students and their teacher and that focus on mathematical meanings through
problem solving offer great potential for debate and argument. Future research needs to focus on the contribution of
technology-based small-group discussions to other aspects of students’ learning, such as metacognition and its
relationship with the affective components of students’ learning.

We recommend that teachers share different examples of angles that take various images, especially the dynamic
one. This could be done when teachers encourage students to construct and manipulate angles visually and dynamically
in GeoGebra. Teachers need to participate with students in discussing ideas related to angles, after and during students’
work with GeoGebra to construct angles collaboratively. This participation helps students arrive at an accurate concept-
definition of the angle, which is as close as possible to the standard one. A recommendation is made regarding future
research as well. In the present research, we were concerned with students’ concept images of the angle before working
with technology and after it. Future research needs to consider students’ processes with technology in addition to their
interaction in the presence of technology and how this interaction contributed to the enrichment of their conceptual
images of the angle.
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