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Abstract

Keywords:

Classical parametric statistical methods are based on several basic assumptions about data
(normality, independence, constant mean and variance). Unfortunately, these assumptions are not
always fulfilled in practice, whether due to problems arising during manufacturing or because these
properties are not typical for some processes. Either way, when we apply parametric methods to
such data, whether Shewhart’s or other types of parametric control charts, it is not guaranteed that
they will provide the right results. For these cases, reliable nonparametric statistical methods were
developed, which are not affected by breaking assumptions about the data. Nonparametric methods
try to provide suitable procedures to replace commonly used parametric statistical methods. The aim
of this paper is to introduce the reader to an alternative way of evaluating the statistical stability of
the process, in cases where the basic assumptions about the data are not met. First, possible
deviations from the data assumptions that must be met in order to use classical Shewhart control
charts were defined. Subsequently, simulations were performed to determine which nonparametric
control chart was better suited for which type of data assumption violation. First, simulations were
performed for the in-control process. Then simulations for an out-of-control process were
performed. This is for situations with an isolated and persistent deviation. Based on the performed
simulations, flow charts were created. These flow charts give the reader an overview of the
possibilities of using nonparametric control charts in various situations. Based on the performed
simulations and subsequent verification of the methodology on real data, it was found that
nonparametric control charts are a suitable alternative to the standard Shewhart control charts in
cases where the basic assumptions about the data are not met.
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1- Introduction
Classical parametric statistical methods are based on several basic assumptions about data (normality,
independence, constant mean and variance). Unfortunately, these assumptions are not always fulfilled in practice,
whether due to problems arising during manufacturing or because these properties are not typical for some processes.
Either way, when we apply parametric methods to such data, whether Shewhart’s or other types of parametric control
charts (CC), it is not guaranteed that they will provide the right results. For these cases, reliable nonparametric
statistical methods were developed, which are not affected by breaking assumptions about the data [1, 2].
Nonparametric methods try to provide suitable procedures to replace commonly used parametric statistical
methods. Nonparametric methods are not affected by outlying values or other deviations from model assumptions [1].
Nonparametric procedures are used when the above data assumptions are not met [3].
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The research area of nonparametric SPC methods is extensive and offers many opportunities for further research,
including the improvement of SW support. Nonparametric methods also have a big potential for the process
monitoring in the condition of Industry 4.0.
In practice, nonparametric methods are not known, which is due, among other things, to the lack of comprehensive
guidance for their application. The aim of this paper is to present the methodology developed for the application of
nonparametric control charts (NPCC) that was created on the basis of simulation results. An overview of the
advantages and disadvantages of the nonparametric control charts that were analyzed in this study is given in Table 1.
Nonparametric control charts for monitoring position SSCC [4], NP-EWMA [5], NP-CUSUM [6] and PM [7] and
NPCC for monitoring variability Mood [8, 9] and MAD [10, 11] have now been analyzed.
Compared to other studies, this has a complex nature. In comparison with other sources, a more significant number
of nonparametric control charts is assessed here, at the same time all possible deviations from the data assumptions are
covered (using various types of probability distributions) and several types of performance indicators were used (not
only obviously applied Average Run Length ARL but also more robust Median Run Length MRL and quantiles x5 and
x95).
Table 1. Advantages and disadvantages of nonparametric control charts.
Nonparametric Control
Chart (NPCC)
Shewhart’s Sign CC (SSCC)

NP – EWMA (NPEWMA)

NP – CUSUM (NPCUSUM)

Advantages
 Easiest NPCC
 Easy calculations
 NPCC with memory
 Quickly reveals small and middle changes in the
process
 NPCC with memory

Progressive Mean (PM)

 Statistics of the progressive mean is considered
more powerful than standard Shewhart CC or
CUSUM and EWMA
 More effective in detecting small shifts in the
process

Disadvantages
 Not too strong nonparametric statistics
 More complicated calculations of control
limits
 More complicated calculations of needed
statistics

 More complicated calculations

 NPCC with memory
Median Absolute Deviation
(MAD)

NPCC based on Mood
statistic (Mood)

 It is the most used nonparametric control chart
when normality assumption fails
 Works with robust statistics via median
 Mood's statistics is considered one of the
strongest nonparametric statistics

 More complicated calculations
 This is not a CC with memory
 More complicated calculations
 This is not a CC with memory

The paper is structured as follows: in Chapter 2 the designs of SW support for nonparametric control charts in MS
excel is described. Chapter 3 is devoted to the design of simulations for evaluation of the performance of the selected
nonparametric control charts (Table 1) and their evaluation for the in-control process. Chapter 4 is dedicated to the
same issues but for the out-of-control process. In Chapter 5 the design of the methodology for the nonparametric
control charts practical application is described.

2- Design of SW Support for Nonparametric Control Charts in Ms Excel
Before starting the simulations, the SW support for the construction of nonparametric control charts in MS Excel
was created. This SW support was created not only for the construction of selected nonparametric control charts but
also for the realization of simulations in order to evaluate their performance.
The logic of the created SW support is illustrated and explained on the example of SSCC and data file of the size
of 20 subgroups each of size of 5 units. Other nonparametric control charts were processed on the same basis. Figure 1
shows a general view of an MS Excel sheet designed to construct SSCC. The table on the left (part A of the sheet) is
used for the input values. On the right of Table A (part B of the worksheet) is basic information such as the number of
subgroups and their size, mean value, standard deviation and other characteristics needed for further calculations. The
largest table in the middle (part C of the sheet) is used to calculate the characteristics needed to construct the CC. It
also includes the calculation of the RL (Run Length) value (part D of the sheet). In addition to this table, the calculated
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performance indicator values (part E of the sheet). Under the table, the resulting CC (part F of the sheet) is
constructed. All calculations and graphs are created automatically after entering the input values.

Figure 1. Created SW support.

3- Simulation Design for In-control Process
In-control process means the statistically stable process when only random causes have an influence on it. The
following Table 2 describes the types of probability distributions that were used to simulate various breaches of
assumptions about data.
Table 2. Overview of types of probability distributions used and their relation to various simulated breaches of assumptions
about data.
Distribution
no.

Distribution/Type of breach of assumption

Distribution parameters

Unfulfilled
assumption of data

1.

Normal distribution

N (0,1)

Neither

2.

Student´s distribution/ greater kurtosis than the normal distribution

t3

Data normality

3.

Uniform distribution/ less kurtosis than the normal distribution

𝑅(−√3; √3)

Data normality

4.

Pearson distribution/ skewed distribution

𝜒32

Data normality

5.

Mixed distribution

50% N(0,1) + 50% N(2,1)

Constant mean

6.

Mixed distribution

50% N(0,1) + 50% N(0,4)

Constant variance

7.

Time series / Autocorrelated data

AR (1): xi – 0.5xi+ai

Independence of data

The number of the subgroups m was equal to 20, 100 and 300, and the size of the subgroup n was chosen to be 5
and 10. 10,000 replicates were performed. The m and n values were chosen based on the results of the in-control
simulations [12] so that the ARL was approximately 370. [13, 14] The indicators Average Run Length ARL(0),
Median Run Length MRL(0) and five per cent quantile (x5) will be used to evaluate the performance of individual
NPCC. ARL(0), MRL(0) and x5 are based on the Run Length for in-control process and is referred to as RL(0). RL(0)
is determined as the number of points recorded in CC that lie within the control limits, between 2 points outside these
limits. This methodology of simulations is similar for all nonparametric control charts included in this study [2, 15,
16].
As an example of this part of the simulation, let us take a sample of 100 values generated from the normal
distribution. We will construct NPCC SSCC working with the statistic Sni [1]. This sample is divided into 20
subgroups of size 5. From these values, the UCL and LCL control limits are calculated. These limits are recorded in
the CC. Subsequently, n values from the normal distribution for particular subgroups are generated, and the Sni
characteristic is calculated from them and recorded in the CC. Subsequently, RL(0) values are calculated. From them,
values of performance indicators ARL(0), MRL(0) and x5 are then calculated. This step is performed ten thousand
times.
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3-1- Results of Simulations of the In-control Process
In order to create a methodology for the practical application of nonparametric control charts (NPCC), it was
necessary to carry out a number of analyzes, that will be presented below on some selected graphs and tables. All
results can be found in Smajdorová (2019) study [16].
Selection of Performance Indicators
First, attention should be paid to the individual performance indicators and the selection of the ones that are most
stable for different probability distributions (see Table 2) and for that reason the most suitable for the evaluation of the
performance of various NPCC (see Table 1). An example of the resulting graph for SSCC with the number of
subgroups equal to 20 and subgroup size equal to 5 is shown in Figure 2.

SSCC 20x5
300

Value of the performnce indicator

ARL

MRL

x5

250
200

150
100
50
0
t3

Rovnoměrné

N(0,1)

chí3

AR(1)

MIX_2

MIX_1

Probability distributions (see Table 2)
Figure 2. Values of performance indicators for different probability distributions (see Table 2) for SSCC with the m = 20
and n = 5.

Similar graphs were constructed and analyzed for all the rest of the analyzed NPCC (see Table 1). In order to
analyze the quality of process performance indicators, their values were sorted in descending order. The resulting
curves show the stability of individual indicators for different distributions, i.e. for different deviations from data
assumptions. The more slowly the curve decreases, the more stable the indicator of performance is. Conversely, if the
curve decreases too rapidly, the performance indicator is less stable. Based on this comparison of the quality of
individual performance indicators done for various NPCC (see Table 1) in combination with different subgroup sizes
and various probability distributions (see Table 2), we came to the general conclusion that 5% - quantiles have the
most stable values for different deviations from the data assumptions. As regards the ARL(0) and MRL(0)
performance indicators, the MRL(0) indicator is more stable than the ARL(0). Therefore, further performance analysis
of individual NPCCs was performed using only the x5 and MRL(0) performance indicators [16].
Performance Analysis of Nonparametric Control Charts
The analysis of the performance of investigated NPCC in combination with a various number of subgroups and
different subgroup sizes was realized using graphs of MRL(0) or x5 for different applied probability distributions (see
Table 2). Figure 3 is an example of such a graph where MRL(0) values in a case of the normal distribution are
depicted. Such graphs of MRL(0) for the rest of applied distributions and the same graphs of x5 for all applied
distributions can be found in Smajdorová (2019) study [16].
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MRL(0) – N(0,1)

MRL (0)

Figure 3. MRL(0) values for different types of NPCC in the case of normal distribution.

From the results of performance analysis of individual control charts based on the indicators MRL (0) and x5, we
can say NP-CUSUM is suitable for the case where the assumption of a constant mean and variance is violated, also for
data with greater sharpness than the normal probability distribution (n = 10) and for skewed distributions. The
nonparametric SSCC control chart is the most suitable for autocorrelated data. It is also suitable for the case where the
assumption of a constant mean value is not met and for skewed distributions (n = 10).
Based on the previous analysis, we can determine which nonparametric control chart is most suitable for the given
data assumption violation. The results for NP – CUSUM and SSCC are shown in the following Table 3.
Table 3. Performance analysis results.
NP - CUSUM

SSCC

Nonconstant mean value

Autocorrelation data

Nonconstant variance

Nonconstant mean value

Greater kurtosis than the normal distribution

Skewed distribution

Skewed distribution

Greater kurtosis than the normal distribution

These CC were determined as quite robust (universal) CC, and from them, the most robust CC (i.e. the one that has
the most stable performance indicator values over all the probability distributions) was set. Our analysis showed that
theuniversal CC is control chart SSCC, where the performance indicator values are most stable for different
probability distributions, i.e. for different deviations from data assumptions [16].
Performance Analysis of Nonparametric Control Charts for Variability Monitoring
Nonparametric control charts for monitoring variability (Mood and MAD) have now been analyzed. The values of
the performance indicators for the nonparametric control charts Mood and MAD, which assess the stability of the
process from the point of view of variability, are very similar for many distributions. Nevertheless, it can be said that a
robust control chart MAD is better for normal and uniform distribution and distribution t 3 and Mood is better suited for
distribution MIX_1, MIX_2, AR (1) and chí3. Based on the results of performance indicators, it was determined which
of them is more suitable for the given data assumption violation. The results of the analysis of nonparametric control
charts for variability monitoring are given in Table 4 [16].
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Table 4. Results of analysis of nonparametric control charts for variability monitoring.
Mood

MAD

Nonconstant mean value
Nonconstant variance

Less kurtosis than the normal distribution

Autocorrelation data

Greater kurtosis than the normal distribution

Skewed distribution

4- Simulation Design for the Out-of-control Process
The out-of-control process means that the process is statistically unstable, i.e. it is influenced by random and also
assignable causes of variation. The number of the subgroups m was equal to 20, 100 and 300, and the size of the
subgroup n was chosen to be 5 and 10. A total of 10,000 repeats were performed for each combination of m and n and
for a particular type of distribution.
The simulations were realized in the same way as experiments for the in-control process (see chapter 3). However,
unlike the experiment for the in-control situation during the second experiment, deviations of different sizes δ were
inserted into the data files, and thus the out-of-control process was simulated. First, isolated deviations of 1.5; 2 and 3σ
were inserted. The isolated deviation was inserted into 30th, 5030th and 9930th repeating.
Subsequently, a simulated persistent deviation of 1.5; 2 and 3σ was also performed, and only for 20 x 5
combination and selected types of distribution. The deviation occurred before it was signalled by a point outside the
limit. Subsequently, “the process was intervened”, and next subgroup was devoid of deviation. Then the deviation
reappeared.
Only the MRL(δ) and x95 indicators were used to assess NPCC performance. For an out-of-control process,
minimum values of performance indicators are required. The calculation of these indicators is based on RL(δ). This is
determined as the number of points that are recorded in the control chart from the moment the change in the process
occurred until the change was signalled in the form of a point out of control limit [16].
3-2- Summary of Simulation of the Out-of-control Process with Isolated Deviation
For a deviation of 1.5σ, it was the most powerful NP - EWMA for all types of deviations from the data
assumptions. In addition to the nonparametric control chart, EWMA works well also a nonparametric SSCC control
chart. This works well for a distribution that does not satisfy the assumption of a constant mean and the assumption of
independence. And with increasing size n SSCC also work well for distributions where the assumption of constant
variance is not met and for skewed distributions. NP-CUSUM also works well for some probability distributions. It
can be assumed that this is a certain anomaly. Also, in the nonparametric PM control chart, the occurrence of a good
result of the performance indicators is caused by the occurrence of one outlier immediately after the first occurrence of
the deviation in the data. For a deviation of 2 and 3 σ, the simulation results are similar.
The results showed that for the in-control process, NPCCs perform very well, but for the out-of-control process
with an isolated deviation, their performance is surprisingly poor, especially for small process changes. We can say
that as the size of the subgroup grows, the performance indicators improve, as Das confirms [8]. Worse performance
indicators results for the out-of-control process with isolated deviation may be due to the reason that nonparametric
control chart perceives the isolated deviation as a random deviation against which they are robust [16].
3-3- Evaluation of Simulations with Persistent Deviation
The analysis of the MRL(δ) and x95 performance indicators showed that the persistent deviation is detected more
quickly by NPCC than the isolated deviation. As already mentioned, the isolated deviation can be perceived by NPCC
as a random deviation. The persistent deviation is detected by NPCC very quickly. More subgroups were needed for
the first discovery of the deviation, followed by “process intervention” and the next subgroup did not contain the
deviation. Then the deviation reappeared. One, at most two, selections were needed to detect it. Further deviations
were detected at the first subsequent selection. The results show that NP-EWMA is the most powerful, as with the
isolated deviation. Other NPCCs that have good x95 results are NP-CUSUM and SSCC [16].

5- Design of the Methodology of the Nonparametric Control Charts Application in Practice
The aim of this part is to describe the methodology of application of nonparametric control charts in practice (see
Figure 4). The methodology described in this chapter is based on a review of available literature on the issue and on
the results of simulations.
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Figure 4. Flowchart for the application of nonparametric control charts into practice.

Further, the individual steps of the methodology will be described:
1. Preparatory phase
This phase of SPC includes determination of the quality characteristic or process parameter, which we want to
regulate, selection of the suitable control point, choice of the method of data collection and recording (sample size and
the frequency of sampling.).
2. Data collection and analysis
This step is an important part of the SPC because here we verify whether the basic data assumptions are met and
therefore whether the standard Shewhart CC can be used, or whether the data assumptions are not met, and it will be
preferable to use one of the nonparametric control charts. Verification of data assumptions can be performed using
various statistical tests or graphical methods. It is always advisable to combine multiple tests with a graphical method.
3. Selection of suitable control chart
If all data assumptions are met, the standard Shewhart CC can be applied. The method of selecting a suitable
Shewhart CC, its construction and evaluation are described in detail in publications about SPC. The problem occurs
when one of the data assumptions is not met. In that case, the use of the standard Shewhart CC could lead to
misleading results and, at worst, a deterioration of the process. Therefore, the application of nonparametric control
charts is a possible alternative for these cases.
4. Evaluation of statistical process control
As with the standard Shewhart control charts, for the nonparametric ones is valid that if all points are within the
control limits, then the process can be considered as in-control. However, if any of the points in the CC lies either
below the lower control limit or above the upper control limit, it is a sign that the process is out-of-control. That is, the
process is affected by an assignable cause of variability that needs to be identified, found its root cause, then removed,
and the statistical stability assessment performed again. Flowchart for the application of nonparametric control charts
into practice is shown in Figure 5, and Flowchart for the application of nonparametric control charts for variability
monitoring into practice in Figure 6 [16].
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Figure 5. Flowchart for the application of nonparametric control charts into practice.
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Figure 6. Flowchart for the application of nonparametric control charts for variability monitoring into practice.
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The proposed methodology was verified on real data from an organization operating in the automotive industry.
The application of this methodology led to the improvement of the verified process and the entire system of statistical
process control in the organization [16].

6- Conclusion
This article was prepared mainly with the aim of bringing nonparametric methods of statistical process control into
practice. It provides opportunities to deal with non-compliance with data assumptions that are common in practice.
The use of these methods in practice can mean the correct interpretation of production processes in various nonstandard situations. This issue also contributes to the development of the field of quality management. Simulations
were performed on randomly generated data in MS Excel from different probability distributions, which represent
different ways of violating data assumptions. Based on the results of the simulation, it can be argued that different
nonparametric control charts are differently effective for different types of data assumption violations. The results
show that the most appropriate nonparametric control charts for most data assumptions violations is NP-CUSUM as
well as SSCC. The creation of SW support for nonparametric control charts in MS Excel was also part of these
simulations. The output of this simulation study is a methodology for the application of nonparametric control charts
in practice. The proposed methodology was also verified on real data. The issue of nonparametric SPC methods is well
described in professional journals, but the transfer of these methods to practice is stuck. The research area of
nonparametric SPC methods is extensive and offers many opportunities for further research, including the
improvement of SW support. Nonparametric SPC methods could become a permanent part of teaching statistical
methods at universities as well as expert training. Nonparametric methods also have a significant potential for the
process monitoring in condition of Industry 4.0.
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