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Abstract 

Field and experimental data on aquatic ecosystem species show the effect of fear on changing prey 

demographics. The fear effect has an impact on aquatic ecosystems, such as species migration to 

settled areas. In this paper, the type of research described is a literature study. The cost effect 
assigned to the reproductive system of the prey population and the predation function response are 

given as Holling Type IV for research purposes to model the fear effect. Some research novelties, 

the equilibrium points are all shown in the population dynamics system model with an analysis of 
positive equilibrium. Positive and biologically realistic equilibrium points were analyzed using the 

Routh-Hurwitz criterion which is mathematically a local asymptotically stable. A pair of imaginary 

eigenvalues with a negative real part can increase population growth. An equilibrium region showing 
equilibrium for several parameters such as extinction, no predators, and two populations coexisting 

in a sustainable manner. The correlation and fluctuation of fear and fear cost were investigated to 

obtain a better model. The results of the numerical simulations show that the prey population 

becomes more daring to fight or fighting power with significant prey growth rates or high predator 

mortality rates. 
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1- Introduction 

Predator-prey interactions are a major topic in biological, mathematical, and ecological research. Mathematical 

modeling provides preliminary knowledge of complex ecological events [1–3]. Predatory interaction mechanisms in the 

response process are easy to find in natural ecosystems. Predator hunting methods, both direct and indirect, resulted in 

the extinction of species from population groups [4]. Predators play a large role as the most powerful factor in the 

predator-prey response model [5]. Changes in behavior, habitat migration, breeding control, and species population 

extinction are the effects of predatory forces in predator-prey interactions [6, 7]. In prey populations, the response is 

different in the face of predatory species. Each prey species provides a different anti-predator response from each 

predation given by the predator [8]. Several types of anti-predator responses can be observed in ecosystems, such as 

migration of native habitats to protected habitats, decreased foraging activities resulting in reduced detection by 

predators, and living in defensive groups that can withstand pressure from predatory interactions [9]. Resistance to prey 
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interaction in predators is highly dependent on the number of prey populations that unite in groups against predatory 

interactions [10, 11]. The formation of anti-predator survival groups is also realistically calculated in the population 

mathematical model. Previous studies revealed that strong anti-predatory properties outnumbered large groups of 

predators. The nature of survival in groups certainly provides an advantage but is contrary to the early detection of prey 

[12]. Predators will easily detect large groups of prey. Meanwhile, predators continue to develop their ways of preying 

on surviving prey through psychological development. Such conditions often occur as a form of balance for the survival 

of the species [13, 14]. 

Prey with anti-predatory behavior that forms groups in large numbers can increase survival rates because of the mutual 

protection between group members [15]. Attacks and defenses against predators and prey are common in fish, birds, 

vertebrate, and invertebrate species. The Cape Buffalo takes anti-predatory action against hyenas, generally starting 

when the prey equals the predator population. Vespa affinis is a species of deadly wasp that preys on the Argyrodes 

spider. In general, changes in prey behavior in predator-prey interactions are only carried out in fast-growing prey species 

[16–18], which occur because of the nature of their fear of their prey. The greater the pressure from predatory predation, 

the greater the effect of fear on the prey [19]. The behavior occurs when predator and prey face each other during the 

predation process. Prey can change their behavior immediately after encountering a predator. The predatory style of the 

predator can change significantly when the prey feels threatened and frightened [20, 21]. In analyzing this, many 

mathematical models only take direct predation into account, although many things can happen during predator-prey 

predation. The effects of fear are realistic and important to consider in population growth studies [22]. Predatory attacks 

on their prey can have psychological and behavioral effects. These changes had a significant impact on the overall prey 

demographics. The effects of fear can also cause long-term damage to prey species [23], such as reductions in population 

growth and diet due to increased awareness of prey species. Starvation and death in prey species can end the story of the 

effects of persistent fear [24, 25]. 

Predator-prey interactions are a major factor in mathematical modeling [26]. Many formulations of predation 

functions have been conceptualized, from simple to complex forms. Predatory characteristics determine the formation 

of the predation function in the dynamic model. The Holling function response is representative and realistic for the 

predation function [27]. The first predation response function is Holling Type I, characterized by a monotonically 

increasing predation function. Species with this response function had the same population ratio and predation rate [28]. 

The larger the prey population, the more prey the predator will eat [29]. Ecologically, predatory species with Holling 

Type I responses tend to wait for prey. The following predation functions are Holing types II and Holing Type III, which 

have almost the same characteristics. However, the ratio of population numbers does not affect this characteristic because 

predators will be equally saturated at a certain time. The most visible difference is the initial process of predation. Holling 

Type II tends to accelerate more quickly, while Holling Type III tends to take longer. Ecologically, the characteristics 

of Holling Type III require time to supervise their prey first. Thus, the considerations for determining the response 

function are highly dependent on the ecological factors of the species [30]. A study in Alsakaji [31] introduced Holling 

Type IV for the effect of fear. The most common and straightforward fear effect behavior is the Holling Type IV or 

Monod-Haldane predation function [32]. A characteristic feature of Holling Type IV species is that they cannot survive 

at the upper limit of the prey density threshold [33, 34]. Figure 1 compares the response function trajectories in Holling 

types I–IV with a simple form of the predation process. 

 

Figure 1. Trajectories Holling response function 
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Another factor considered in the preparation of mathematical models of population dynamics is the behavior of 

species that interact rationally intraspecifically. Intraspecific interactions with predator-prey can occur in a symbiotic 

mutualism. Helping behavior and mutualism symbiosis appear naturally based on species, such as interactions in bee 

species, where the bee colony consists of worker bees, army bees, and queen bees. Worker bees are in charge of collecting 

honey for the army bees and queen bees; soldier bees are in order of protecting the hive; and the queen bee is in charge 

of leading the colony to work. However, this intraspecific interaction can cause harm to the colony population. One of 

the essential characteristics that can encourage competitive behavior among predator groups is a sense of competition, 

which plays a vital role in predatory interactions when capturing prey. The large ratio between predator and prey species, 

which continues to experience the effects of fear with a declining population, makes food battles unavoidable. The rarity 

of prey species is realistic to mention in the assumptions of the population dynamics model. The main thing in this study 

is to formulate the effect of fear on population growth and the impact of mortality rates that allow intraspecific predator 

competition to occur. In this paper, investigations are carried out for several population model variables, such as the 

effects of fear fluctuations and intraspecific fluctuations. These two variables are realistic to consider in the model and 

significantly impact the population model. 

2- Basic Predator-Prey Model 

This study, using a research flow or a simple research methodology. This is done to support the research steps that 

are easy for the author to take. Research methodology refers to the research flow chart as follows (Figure 2). 

 

Figure 2. Research flow chart 

In the section on formulation assumptions, the author tries to make assumptions that are very similar to the actual 

conditions in the life of living ecosystems. The focus of the assumptions built is the fear effect, Lotka-Voltera, and 

Holling Type IV. The assumptions built also come from relevant previous research. Furthermore, at the formulation 

stage of the model, the concept of mathematical differential equations is given to find solutions for the model. 

Meanwhile, at the equilibrium point and numerical simulation stages, it is the final stage to obtain research results and 

test the truth of these results. Tests are carried out mathematically and realistically for real conditions. 

The composition of the model was prepared by considering the predator-prey model, fear effects, and intraspecific 

interactions. The growth of predator and prey population density follows the concept of logistic growth without predator 

population. The de-scription of logistic growth in prey species consists of prey growth rate, natural prey mortality rate, 

and mortality rate from population density due to intraspecific competition. Variable x and y represent the population 

density of predators and prey, respectively. The growth of each population is defined in time t, so that each variable can 

be expressed as 𝑥(𝑡) and 𝑦(𝑡). In simple terms, the mathematical model of prey population growth can be described as 

follows 

,2
1 hxxrx

dt

dx
   (1) 

where r is the birth rate of the prey population, δ1 is the death rate for prey population, and h is the rate of intraspecific 

prey interaction. 

Experimental research shows that prey behavior after experiencing the effects of fear decreases the growth of prey 

species. This behavior is widely supported by relevant ecological and scientific research. From the basic concept of the 

study, the predator-prey model on population growth involves a growth variable with a fear effect function f(α,β,y), so 

Equation 1 can be written as; 
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  ,,, 2
1 hxxyrxf

dt

dx
   (2) 

where β and α represent the minimum fear cost and fear level, respectively. The fear effect function shows the 

composition of parameters that define the level of fear. This parameter is highly dependent on the fear behavior of the 

prey species. The predation function as a predator-prey model composition is included in p(x) in Equation 2, so the 

population with the fear effect model can be expressed as 

    ,,, 2
1 yxphxxyrxf

dt

dx
   

  ,2
2 ymyyxp

dt

dy
  

(3) 

where δ2 and m represent the natural mortality rate of the predator populations and conversion rates of predatory 

intraspecific interactions, respectively, and p(x) is the functional response of the predator species to the prey population 

density per unit time. 

Each predatory species has predation characteristics in the ecological environment. The species that is widely 

considered in terms of predation characteristics is Holling. Holling Type IV is used as a consideration for selecting the 

functional response; the mathematical model can be expressed as follows 

  ,
2xx

x
xp







 (4) 

where ρ, τ and σ are non-negative constants with realistic considerations according to actual conditions in the ecosystem. 

Mathematically the prey model will be developed in the form of a function with a fear effect based on the assumptions 

that have been given. A function with a fear effect will be assigned to the growth of prey-one and prey-two species as 

f(α,β,y). The σ and β parameters represent the level of prey fear (anti-predator behavior) and the minimum prey fear 

strength, respectively. Fear effect functions f(α,β,y) can be described mathematically as 𝑓(𝛼, 𝛽, 𝑦) = 𝛽 + (
𝛼(1−𝛽)

𝛼+𝑦
)   

where β has the condition 𝛽 ∈ [0,1). In the fear effect function, it is assumed that f(α,β,y)=β, f(α,β,y)=1, 

lim
𝑦→∞

𝑓(𝛼, 𝛽, 𝑦) = 𝛽, and lim
𝑦→∞

𝑓(𝛼, 𝛽, 𝑦) = 1. The function f(α,β,y)=β shows that the prey population is always less than 

the minimum fear power β. The f(α,β,0)=1  function indicates that if there is no predator population, the fear function 

does not affect the growth of the prey population. The fear function lim
𝑦→∞

𝑓(𝛼, 𝛽, 𝑦) = 𝛽 indicates that as the predator 

population increases, the prey population experiences minimum fear stress from the predator species. The fear function 

lim
𝑦→∞

𝑓(𝛼, 𝛽, 𝑦) = 1 shows that after the fear level is saturated at a certain point in the prey population, the fear function 

has no effect due to the physiological impact when the prey is accustomed to the predator threat. Such events often occur 

in predator-prey interactions. The composition of each parameter will be given, taking into account the model's 

dimensions. Table 1 summarizes the parameters in the model with each variable and its units/dimensions. 

Table 1. Description of the parameters and variables in the model 

Symbol Description Units 

𝑥 The density of prey population [𝑁] 

𝑦 The density of predator population [𝑁] 

𝑟 The birth rate of the prey population [𝑇]−1 

𝛼 Level of fear [𝑁] 

𝛽 Cost of minimum fear - 

𝛿1 The natural death rate of prey [𝑇]−1 

𝛿2 The natural death rate of predator [𝑇]−1 

𝑚 coefficient intraspecific prey [𝑇]−1[𝑁]−1 

ℎ coefficient intraspecific predator [𝑇]−1[𝑁]−1 

𝜌 The rate of predation [𝑁][𝑇]−1 

𝜎 The half-saturation constant - 

𝜏 Tolerance limit of predator - 

Therefore, our final model becomes, 

 
,

1
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(5) 
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where 
𝑑𝑥

𝑑𝑡
= 0 and 

𝑑𝑦

𝑑𝑡
= 0. The model system in Equation 5 is subjected to a positive initial value 𝑥(0) = 𝑥0 ≥ 0 and 

𝑦(0) = 𝑦0 ≥ 0 from the population model. 

3- Results and Discussion 

At this stage, the research results are described in detail and structured according to the research stages. Two things 

that will be discussed are balance analysis and simulation of research programs. 

3-1- Equilibrium Analysis 

The equilibrium point is analysed using the basic concept of solving differential equations. The model in Equation 5 

is the basis for exploring the development of the equilibrium point. Ten balances are obtained from Equation 5, namely 

eight real balances and two negative imaginary balance points. All these equilibrium points are taken from the solution 

of the differential equation model, where the steady-state solution model in Equation 5 is obtained from two solutions, 

i.e., trivial and non-trivial. Of all the equilibrium points obtained, only two points are realistic to be considered as follows: 

𝐸0 = (0,0), 𝐸1 = (0, 𝐵1), 𝐸2 = (𝐴2, 0), 𝐸3 = (𝐴3, 𝐵3), 𝐸4 = (𝐴4, 𝐵4), 𝐸3 = (𝐴5, 𝐵5), 𝐸6 = (𝐴6, 𝐵6), 𝐸7 = (𝐴7, 𝐵7), 
𝐸8 = (𝐴8, 𝐵8), 𝐸9 = (𝐴9, 𝐵9), 𝐸10 = (𝐴10, 𝐵10). Mathematically rational in the all equilibrium model there are only four 

non-negative equilibrium. These four equilibria are realistic in accordance with the assumptions to be made. The four 

points are 𝐸0 = (0,0), 𝐸2 = (𝐴2, 0), 𝐸3 = (𝐴3, 𝐵3), and 𝐸5 = (𝐴5, 𝐵5). 

Each non-trivial solution in Equation 5 is used to balance the septic polynomial equation model for the equilibrium 

value x* as follows; 

001
2

2
3

3
4

4
5

5
6

6
7

7  axaxaxaxaxaxaxa  (6) 

There are seven roots of the Equation that are components of the equilibrium point. Only two points that satisfy the 

local optimal point are positive roots. Only one positive root is selected to develop the equilibrium value in the numerical 

simulation. While the value of the equilibrium point y* is highly dependent on 

01
2

2

01
2

2*

cxcxc

bxbxb
y




  (7) 

Analytically complex to show in detail, application assisted solution program is used in this research. The root 

property of a septic polynomial can be characterized as the following discriminant 

 R
a

det
1

7

  (8) 

where the Sylvester matrix characteristic is given by; 
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If ∆>0 then the polynomial has seven distinct roots or has three pairs of complex conjugate roots and one real root. If 

∆=0 then the polynomial has at least two complex roots. If ∆< 0  then there are six real roots and two complex roots. 

The realistic positive real root solution to be considered becomes the basis for testing the stability of the model in 

Equation 5. Stability testing uses criteria that support the re-search. The formed Jacobian matrix shows characteristic 

equations. The Jacobian matrix used is 𝐽𝐸10 = [
𝐽11 𝐽12
𝐽21 𝐽22

]. After obtaining a Jacobian matrix that corresponds to Equation 

5 with equilibrium E10, the characteristic Equation of matrix 𝐽𝐸10 can be obtained as follows; 

02  ab  (10) 

The characteristic Equation shows realistic equilibrium stability. Local stability was obtained to achieve the Routh-

Hurwitz criteria, i.e., 𝑏 > 0, 𝑎 > 0, and 𝑏 > 𝑎. The equilibrium 𝐸5 = (𝐴5, 𝐵5) is said to be asymptotically stable. The 

local stability obtained in this study suggests that the model in Equation 5 is viable in the long term. Many studies are 

against taking non-negative equilibrium only for equilibrium values. Many research statements require that the entire 
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equilibrium point be taken into account in the form of the model that is compiled. The author takes a non-negative 

equilibrium by considering the sustainability of the life of the two populations, namely predators and prey. Meanwhile, 

if only one population is maintained, then in ecological science there is an imbalance of ecosystems in the environment. 

The imbalance in the ecosystem will have an impact on natural disasters or the death of species in general. Government 

or other policy authorities may consider models for conserving species. Intervention in the model is given by changing 

the value of parameter σ, to show a shift in the equilibrium point. An explanation of this is studied in more detail in 

numerical simulations. 

3-2- Numerical Simulation 

The numerical simulation requires taking realistic parameters to represent dimensions in Equation 5. The retrieval of 

parameter figures is based on relevant assumptions and references. Different parameters will be considered to affect the 

population dynamics system. Several types of behavioral models with each species are part of the analysis of the model 

used. The obtained parameters and other system parameters are assumptions. The following are the parameters taken 

from Equation 5: r=1.25, α=0.005, β=0.5, h=0.3, m=0.0008, δ1=0.4, δ2=0.2, ρ=0.5, τ=0.5, and σ=0.25. These parameters 

are simulated to obtain a realistic positive equilibrium to consider 𝐸10 = (𝐴10, 𝐵10) where 𝐴10 = 0.1104617645 and 

𝐵10 = 0.1312357995. Equilibrium gives the characteristic 𝜆2 + 0.00033060854𝜆 + 0.04860540815 = 0 from the 

form of the characteristic in Equation 5. This shows that the Routh-Hurwitz criteria are met so that the corresponding 

eigenvalues λ1=-0.00016530427 and λ2=-0.00016530427 can be obtained. The corresponding eigenvalues show real 

negative results equilibrium point 𝐸10 = (𝐴10, 𝐵10) satisfies local asymptotic stability. The following analysis is to see 

the movement of the trajectory of each species at Equation 5. The trajectory is presented in a numerical analysis 

simulation by considering two important parameters, i.e., the level of fear and the cost of fear. These two parameters 

significantly affect the sustainability of the model for ideal population growth. Parameter changes still pay attention to 

the stability of the model as an absolute requirement so that the model in Equation 5 can be maintained. The fear level 

and fear cost parameters in the monotone simulation decreased separately. 

Figures 3 to 7 shows the change stability of the model movement in Equation 5 for each prey and predator species. 

The initial value taken from Equation 5 are x(0)=0.061 and y(0)=0.071. In situations where it is possible to change the 

fear, movement can still be categorized as stable. Simultaneous changes continue to move to-wards stability for a long 

time. The smaller the level of fear given, the softer the fluctuations towards stability. This finding is in line with the 

study results that the lower the level of fear, the growth of the prey population will continue to exist towards long-term 

stability. Theoretically, this is very supportive of the condition of the ecological system of predator-prey species. A low 

level of fear will certainly allow prey species to live in good natural conditions without pressure from predators. Prey 

species are freer to find food, breed, and build sustainable ecosystems. The subsequent analysis is the cost of the fear 

parameter, which moves the same as the decrease in the fear level parameter. The adapted fear cost is the fear cost that 

satisfies the stability of the model in Equation 5, as shown in Figures 3 to 12. 

 

Figure 3. Trajectories fear level σ=0.005 
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Figure 4. Trajectories fear level σ=0.004 

 

Figure 5. Trajectories fear level σ=0.003 

 

Figure 6. Trajectories fear level σ=0.002 

 

Figure 7. Trajectories fear level σ=0.001 
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Figure 8. Fear cost trajectory σ=0.5 

 

Figure 9. Fear cost trajectory σ=0.4 

 

Figure 10. Fear cost trajectory σ=0.3 

 

Figure 11. Fear cost trajectory σ=0.2 
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Figure 12. Fear cost trajectory σ=0.2 

The fear cost trajectories (Figures 8 to 12) illustrate that the cost of fear dramatically affects the population growth of 

predator-prey species. The smaller the fear cost given by the simulation model in Equation 5, the more skewed the 

trajectory is. This suggests that when the cost of fear gets smaller, growth will lead to constant stability. On the other 

hand, the greater the cost of fear, the more volatile growth will lead to stability. The assumed parameter coefficients still 

consider the stability of the model. Parameters level and cost of fear in Equation 5 have maximum and minimum limits. 

In addition, it turns out that the cost of fear has specific symptoms of suppressing population growth. Low fear of prey, 

suppressing fluctuating predator population growth. In ecological conditions, this is realistic to consider. Meanwhile, the 

movement of prey population growth is relatively stable. 

All parameters in Equation 5 provide a simple description of the actual ecological conditions. Realistic simulations 

are provided to estimate actual events in ecology. All parameters in the model have a significant effect, but the level and 

cost of fear are essential to population growth movement. Stability analysis in this model is also a consideration to 

determine the stability of the population. Stability analyzed through trajectories is very realistic in mathematical studies. 

The stability of the model and the trajectory indicate the survival of the species for a long time. Population extinctions 

and trajectories are not shown in Equation 5. However, what needs to be considered in the analysis of the analytical 

model is the very sharp level of fluctuation in certain conditions. Fluctuating sharp declines are expected to affect 

predator-prey populations significantly. At the level of fear, the predator population growth fluctuates with the increase 

in prey. This is inversely proportional to the cost of fear condition. The cost of fear tends to reduce the predator population 

growth rate significantly. The fluctuating movements between prey species and predator species significantly affect each 

other. Thus, it can be seen that population growth goes hand in hand. 

4- Conclusion 

Threatening behavior by predators dramatically affects the life behavior of prey because it provides a prolonged fear 

effect. The effect of fear on species is very realistic to consider because living things have fear. The fear effect responds 

to interactions that occur between predators and prey. The formulation of realistic assumptions is based on relevant 

previous research and realistic conditions that are very logical to accept. Variables that represent predator and prey 

species, respectively, are x and y, with all parameters that exist in the interaction model. Retrieval of parameter values 

based on assumptions and references. Every equilibrium that occurs is a solution of the differential equation. There is 

only one realistic biological and mathematical equilibrium point to consider, which is equilibrium point E5 has a positive 

value and gives a negative eigenvalue in the characteristic equation. The characteristic equation gives an imaginary value 

with a negative real part that can be considered. The simulation model shows the survival conditions for the two species 

to continue to coexist. This strongly supports the concept of protecting species from extinction. The survival of each 

species is supported by ecological theory, which is against species extinction. In another mathematical approach, you 

can use the assumption of a symbiotic mutualism of species. Control is exerted on both species through coercion. Such 

control is necessary to sustain both populations in the long term. In both species, the numerical simulations show a local 

asymptotic balance. The visualization of the trajectory shows a stable fluctuation for a certain time. Prey species that 

experience stress from the threat effect of constant fear experience decreased sensitivity to threats. This change impacts 

the behavior of prey that dares to fight the effects of fear of predators, thereby affecting the growth rate of prey and the 

death rate of predators. 
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